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ARTICLE INFO ABSTRACT
Keywords: The filtering distribution in hidden Markov models evolves according to the law of a mean-field
Data assimilation model in state-observation space. The ensemble Kalman filter (EnKF) approximates this mean-

Ensemble filter

field model with an ensemble of interacting particles, employing a Gaussian ansatz for the joint
Neural operators

distribution of the state and observation at each observation time. These methods are robust,
but the Gaussian ansatz limits accuracy. Here this shortcoming is addressed by using machine
learning to map the joint predicted state and observation to the updated state estimate. The deriva-
tion of methods from a mean field formulation of the true filtering distribution suggests a single
parametrization of the algorithm that can be deployed at different ensemble sizes. And we use a
mean field formulation of the ensemble Kalman filter as an inductive bias for our architecture.

To develop this perspective, in which the mean-field limit of the algorithm and finite inter-
acting ensemble particle approximations share a common set of parameters, a novel form of
neural operator is introduced, taking probability distributions as input: a measure neural mapping
(MNM). A MNM is used to design a novel approach to filtering, the MNM-enhanced ensemble filter
(MNMEF), which is defined in both the mean-field limit and for interacting ensemble particle
approximations. The ensemble approach uses empirical measures as input to the MNM and is
implemented using the set transformer, which is invariant to ensemble permutation and allows
for different ensemble sizes. In practice fine-tuning of a small number of parameters, for specific
ensemble sizes, further enhances the accuracy of the scheme. The promise of the approach is
demonstrated by its superior root-mean-square-error performance relative to leading methods in
filtering the Lorenz ‘96 and Kuramoto-Sivashinsky models.

1. Introduction

Filtering, determining the conditional distribution of the state of a partially and noisily observed dynamical system given data
collected sequentially in time, constitutes a longstanding computational challenge, particularly when the state is high-dimensional.
Sequential data assimilation encompasses a broad range of methods aimed at finding the filtering distribution, or simply estimating
the state, in an online fashion. The focus of this work is on the use of sequential data assimilation methods for filtering and state

* Corresponding author.
E-mail address: bhchen@caltech.edu (B. Chen).

https://doi.org/10.1016/j.jcp.2025.114550

Received 27 May 2025; Received in revised form 3 November 2025; Accepted 24 November 2025

Available online 4 December 2025

0021-9991/© 2025 Elsevier Inc. All rights are reserved, including those for text and data mining, Al training, and similar technologies.


https://www.elsevier.com/locate/jcp
https://www.elsevier.com/locate/jcp
https://orcid.org/0000-0002-9725-0203

$\bbN =\{1,2,\ldots \}$


$\bbZ ^+=\{0,1,2,\ldots \}$


$\bbR =(-\infty , \infty )$


$\bbR ^+=[0,\infty )$


$[N]=\{1,2,\ldots ,N\}$


$\mathcal {F}(A)$


$A$


$\cP (\Omega )$


$\Omega $


$\Omega $


$\bbP $


$\Omega $


$\bbE $


$\Law (v)$


$v$


$T_\#\pi $


$\pi $


$T$


$u \sim \pi $


$T(u) \sim T_\#\pi .$


$\tau \in \bbR ^d$


$\delta _\tau $


$\bbR ^d$


$\tau $


$\normal (m,C)$


$m$


$C$


$\mathsf {mathsf}$


$[N]$


$\mathcal {U}([N];\bbR ^{d})$


$\sB $


$\mathfrak {mathfrak}$


$\sB (\cdot ) = \fB _\sharp (\cdot )$


$v$


$y$


$\dagger $


$j\in \bbZ ^+$


$(n)$


\begin {align}&v_{j+1}^\dag = \Psi (v_j^\dag ) + \xi _j^\dag , \quad j \in \bbZ ^+, \\ &v_0^\dag \sim \normal (m_0, C_0), \quad \xi _j^\dag \sim \normal (0, \Sigma ) \, \text {i.i.d.},\end {align}


$\Psi :\bbR ^{d_v}\to \bbR ^{d_v}$


$v^\dag _j,\xi _j^\dag \in \bbR ^{d_v}$


$j\in \bbZ ^+$


$\{\xi _j^\dag \}_{j \in \bbZ ^+}$


$v_0^\dag $


$\{\xi _j^\dag \}_{j \in \bbZ ^+} \perp v_0^\dag $


\begin {align}&y_{j+1}^\dag = h(v_{j+1}^\dag ) + \eta _{j+1}^\dag , \quad j \in \bbZ ^+, \\ &\eta _j^\dag \sim \normal (0, \Gamma ) \, \text {i.i.d.},\end {align}


$h:\bbR ^{d_v}\to \bbR ^{d_y}$


$y^\dag _j,\eta _j^\dag \in \bbR ^{d_y}$


$j\in \bbZ ^+$


$\{\eta _j^\dag \}_{j \in \bbN } \perp v_0^\dag $


$\{\xi _j^\dag \}_{j \in \bbZ ^+} \perp \{\eta _j^\dag \}_{j \in \bbN }$


$v_j^\dag $


$\mathbb {R}^{d_v}$


$y_j^\dag $


$\mathbb {R}^{d_y}$


$\Delta t$


$j$


$j+1$


$\Psi $


$\Delta t$


$\dagger $


$\dagger $


$\Psi $


$\Sigma $


$h$


$\Gamma $


$j$


$v_j$


$j$


$Y_j^\dagger := \{y_1^\dagger , \dots , y_j^\dagger \}.$


$\pi _j(v_j^\dagger ) := \bbP (v_j^\dagger | Y_j^\dagger )$


$\cP (\mathbb {R}^{d_v})$


$j \in [J]$


$\pi _j$


$j$


$v_j^\dagger $


$Y_j^\dagger $


$j \in [J]$


$\pi _j$


$\mathbb {E}[v_j^\dagger | Y_j^\dagger ]$


$v_j^\dagger $


$v_j^\dagger $


$\pi _j$


\begin {equation}\pi _j(v_j^\dagger ) := \bbP (v_j^\dagger | Y_j^\dagger ). \label {Xeqn1-2.3}\end {equation}


\begin {align}&\hat {\pi }_{j+1}(v_{j+1}^\dagger ) = \bbP (v_{j+1}^\dagger |Y_j^\dagger ),\label {eq:measure_hpi}\\ &\rho _{j+1}(v_{j+1}^\dagger , y_{j+1}^\dagger ) = \bbP (v_{j+1}^\dagger , y_{j+1}^\dagger |Y_j^\dagger ).\label {eq:measure_rho}\end {align}
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\begin {align}&\text {Predict (linear):} &\quad \hat {\pi }_{j+1} &= \sP \pi _j, \label {eq:pred}\\ &\text {Extend to data/state space (linear):} &\quad \rho _{j+1} &= \sQ \hat {\pi }_{j+1}, \label {eq:extend}\\ &\text {Analysis (nonlinear):} &\quad \pi _{j+1} &= \sB (\rho _{j+1}; y_{j+1}^\dagger ). \label {eq:analysis}\end {align}
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\begin {equation}\label {eq:operator_P} \sP \pi (v) = \frac {1}{\sqrt {(2\pi )^{d_v} \det \Sigma }} \int \exp \left (-\frac {1}{2} \|v - \Psi (u)\|_{\Sigma }^2 \right ) \pi (u) \, du.\end {equation}
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$\mP (\bbR ^{d_w})$


$\delta > 0$


$\mathcal {P}_{\delta }(\mathbb {R}^{d_u})\subset \mathcal {P}(\mathbb {R}^{d_u})$


\begin {equation*}\mathcal {P}_{\delta } (\mathbb {R}^{d_u}) = \left \{\mu \in \mathcal {P}(\mathbb {R}^{d_u}):\,\, \mu \{\omega \in \Omega :|X(\omega )|\geq t\}\leq 2\exp \bigl (-t^{1+\delta }\bigr ) \right \}.\end {equation*}


$\sA : \mP (\bbR ^{d_u})\times \mP _{\delta }(\mathbb {R}^{d_w})\to \mP (\bbR ^{d_v})$


$(\mu ,\nu ) \in \mP (\bbR ^{d_u})\times \mP _{\delta }(\mathbb {R}^{d_w})$


$\mu \in \mP (\bbR ^{d_u})$


$\fA :\bbR ^{d_u}\times \mP _{\delta }(\mathbb {R}^{d_w}) \to \bbR ^{d_v}$


$\nu \in \mP _{\delta }(\mathbb {R}^{d_w})$


\begin {equation}\sA (\mu ,\nu ) = \fA (\cdot ;\nu )_\sharp \mu . \label {Xeqn22-3.12}\end {equation}


$\mathfrak {A}:\bbR ^{d_u}\times \mP _{\delta }(\mathbb {R}^{d_w})\to \mathbb {R}^{d_v}$


$u\in \bbR ^{d_u}$


$\nu \in \mP _{\delta }(\mathbb {R}^{d_w})$


$\nu $


$u$


$(u,\nu )\in \bbR ^{d_u}\times \mP _{\delta }(\mathbb {R}^{d_w})$


\begin {equation}\label {eq:transport2} \mathfrak {A}(u;\nu ) = \mathbb {E}_{w\sim p(\cdot ;u,\nu )}Vw,\end {equation}


\begin {equation}\label {eq:prob_measure2} p(dw;u,\nu ) = \frac {\exp \bigl (\langle Qu,Kw\rangle \bigr )\nu (dw)}{\int _{\bbR ^{d_w}}\exp \bigl (\langle Qu,Kz\rangle \bigr )\nu (dz)}.\end {equation}


$Q, K, V$


$p(du;s)$


$\nu \in \mathcal {P}_{\delta }(\mathbb {R}^{d_u})$


$\int _{\bbR ^{d_w}} \exp \bigl (\langle Qu,Kz\rangle \bigr )\nu (dz)<\infty $


\begin {equation}\exp \bigl (\langle Qu,Kz\rangle \bigr ) \leq \exp \bigl (\|Q\|\|K\||u||z|\bigr ) \leq \exp \left (\frac {(\|Q\|\|K\||u|)^{\frac {1+\delta }{\delta }}}{(1+\delta )/\delta }\right )\exp \left (\frac {|z|^{{1+\delta }}}{(1+\delta )}\right ). \label {Xeqn25-3.15}\end {equation}


\begin {align*}\int _{\bbR ^{d_w}} \exp \bigl (\langle Qu,Kz\rangle \bigr )\nu (dz) & \leq C(u)\int _{\bbR ^{d_w}} \exp \left (\frac {|z|^{{1+\delta }}}{(1+\delta )}\right ) \nu (dz)\\ &=C(u)\int _0^\infty \nu \left (\exp \left (\frac {|z|^{{1+\delta }}}{(1+\delta )}\right ) >t \right )dt\\ &{= C(u)\int _0^1 \nu \left (\exp \left (\frac {|z|^{{1+\delta }}}{(1+\delta )}\right ) >t \right )dt+C(u)\int _1^\infty \nu \left (\exp \left (\frac {|z|^{{1+\delta }}}{(1+\delta )}\right ) >t \right )dt}\\ &{\leq C(u) + C(u)\int _1^\infty \nu (|z|>\tau )\exp \left (\frac {\tau ^{{1+\delta }}}{(1+\delta )}\right ) \tau ^\delta d\tau }\\ &{\leq C(u)+ C(u)\int _1^\infty \exp \left (\frac {-\delta }{(1+\delta )}\cdot \tau ^{{1+\delta }}\right )\tau ^\delta d\tau }<\infty ,\end {align*}


$C(u)$


$u$


$1$


$t = \exp \bigl (\tau ^{1+\delta }/(1+\delta ) \bigr )$


$\nu \in \mathcal {P}_{\delta }(\mathbb {R}^{d_w})$


$\mu \in \mP (\bbR ^{d_u})$


$\nu \in \mP _{\delta }(\bbR ^{d_w})$


$\{u(1),\ldots ,u(N)\}\subset \bbR ^{d_u}$


$\{w(1),\ldots ,w(M)\}\subset \bbR ^{d_w}$


$\mu \in \mP (\bbR ^{d_u}), \nu \in \mP _{\delta }(\bbR ^{d_w})$


$u(1),\ldots ,u(N)$


$\mu $


$w(1),\ldots ,w(M)\sim \nu $


$\nu .$


$\mu ^N=\frac 1N\sum _{j=1}^N\delta _{u(j)}$


$\nu ^M=\frac 1M\sum _{j=1}^M\delta _{w(j)}$


\begin {equation*}\sA (\mu ^N,\nu ^M) = \frac 1N\sum _{j=1}^N\delta _{{\fA \bigl (u(j);\,\nu ^M\bigr )}},\end {equation*}


\begin {equation}\label {eq:empirical} \fA \bigl (u(j);\nu ^M\bigr ) =\frac {\sum _{k=1}^M\exp \bigl (\langle Qu(j),Kw(k)\rangle \bigr )Vw(k)}{\sum _{\ell =1}^M\exp \bigl (\langle Qu(j),Kw(\ell )\rangle \bigr )}.\end {equation}


$\{\vn _j\}_{n=1}^N$


$\{\vn _{j+1}\}_{n=1}^N$


\begin {align}&\text {Predict:} & \hvn _{j+1} &= \Psi (\vn _j) + \xi ^{(n)}_j, \label {eq:ourens_pred}\\ &\text {Extend to observation space:} & \hyn _{j+1} &= h(\hvn _{j+1}) + \eta ^{(n)}_{j+1}, \label {eq:ourens_extend}\\ &\text {Analysis:} &\vn _{j+1} &= \hvn _{j+1} + (\Kt )_{j+1} \left ( y^\dagger _{j+1} - \hyn _{j+1} \right ). \label {eq:ourens_analysis}\end {align}


$\{(\hvn _{j+1},h(\hvn _{j+1}))\}_{n=1}^N$


$\Kt $


$j$


$\rho _h = \Law \bigl ((\hat {v},h(\hat {v}))\bigr )$


$(\hat {v},h(\hat {v}))$


\begin {equation}\label {eq:rhoN} \rho _h^{(N)}:=\frac {1}{N}\sum _{n=1}^N \delta _{\bigl (\hat {v}_{j+1}^{(n)}, h(\hat {v}_{j+1}^{(n)})\bigr )}\end {equation}


$\Kt .$


$\fF \left (\hv , h(\hv ), y^\dagger , \rho _h;\theta \right )$


$\Kt $


$\sF $


$\sFST $


$\sF $


$\sFST $


$F^\mathrm {ST}$


\begin {equation}\label {eq:FST} F^\mathrm {ST}\left (\{(\hvn ,h(\hvn ))\}_{n=1}^N;\theta _\mathrm {ST}\right ) = f_v\in \bbR ^{\dst }\end {equation}


$\theta $


$\Kt $


$N$


$\theta $


$N$


$N'$


$N$


$N'$


$\theta $


$j$


$\{(\hvn )\}_{n=1}^N$


$\{(h(\hvn ))\}_{n=1}^N$


$u\in \mathcal {U}([N];\bbR ^{d_u})$


$w\in \mathcal {U}([M];\bbR ^{d_w})$


\begin {equation}\label {eq:seq_fA} \fA \bigl (u(j);w\bigr ) =\frac { { \sum _{k=1}^M} \exp \bigl (\langle Qu(j),Kw(k)\rangle \bigr )Vw(k)}{\sum _{\ell =1}^M\exp \bigl (\langle Qu(j),Kw(\ell )\rangle \bigr )}.\end {equation}


$\bbR ^{d}$


\begin {equation}\mathcal {U}_F(\bbR ^d) = \cup _{N=1}^\infty \mathcal {U}([N];\bbR ^{d}), \label {Xeqn29-4.4}\end {equation}


$\sAST $


$\mathrm {ST}$


$\sA $


$d_v$


\begin {equation}\label {eq:seq_sA} \sAST : \mathcal {U}_F(\bbR ^{d_u})\times \mathcal {U}_F(\bbR ^{d_w})\rightarrow \mathcal {U}_F(\bbR ^{d_v}).\end {equation}


$u\in \mathcal {U}([N];\bbR ^{d_u})$


$w\in \mathcal {U}([M];\bbR ^{d_w})$


\begin {equation}\sAST (u, w)(j) = \fA \bigl (u(j);w\bigr ),\quad \forall j\in [N]. \label {Xeqn31-4.6}\end {equation}


$\sAST $


\begin {equation}\label {eq:att_parameters} \theta (\sAST ) = \{Q,K,V\}\end {equation}


$\sAST $


$\sCST $


\begin {equation}\sCST :\quad \mathcal {U}_F(\mathbb {R}^{d_u})\times \mathcal {U}_F(\mathbb {R}^{d_w})\rightarrow \mathcal {U}_F(\mathbb {R}^{d_u}). \label {Xeqn33-4.8}\end {equation}


$u\in \mathcal {U}([N];\bbR ^{d_u})$


$w\in \mathcal {U}([M];\bbR ^{d_w})$


$\sCST $


\begin {align}\sCST (u,w) &= \sFLN _1(u_1 + \sFNN (u_1))\in \mathcal {U}([N];\mathbb {R}^{d_u}),\label {eq:CAB_1}\\ u_1 &= \sFLN _2\bigl (u +\sAST (u,w)\bigr )\in \mathcal {U}([N];\mathbb {R}^{d_u})\label {eq:CAB_2}.\end {align}


$\sAST $


$\sFLN $


$\fFLN $


$\sFNN $


$\fFNN $


$+$


\begin {equation}(u + v)(j) = u(j) + v(j). \label {Xeqn34-4.10}\end {equation}


$\sCST $


$\sFLN _1$


$\sFLN _2$


$\sFNN $


$\sAST $


\begin {equation}\label {eq:para_CAB} \theta (\sCST ) = \theta (\sFLN _1) \cup \theta (\sFLN _2) \cup \theta (\sFNN ) \cup \theta (\sAST ),\end {equation}


$\sFLN _1, \sFLN _2$


$\sFNN $


$\sAST $


$\sC $


$\sSST $


\begin {equation}\sSST : \mathcal {U}_F(\mathbb {R}^{d_u})\rightarrow \mathcal {U}_F(\mathbb {R}^{d_u}). \label {Xeqn36-4.12}\end {equation}


$\sSST $


$\sCST $


\begin {equation}\label {eq:SAB} \sSST (u) = \sCST (u,u).\end {equation}


\begin {equation}\theta (\sSST ) = \theta (\sCST ). \label {Xeqn38-4.14}\end {equation}


$\sS $


$\sCST (s,\placeholder )$


$\sCST (\placeholder ,\placeholder )$


$s$


$s\in \mathcal {U}([N_s], \bbR ^{d_s})$


$N_s$


$d_s$


$\sCST (s,\placeholder )$


\begin {equation}\label {eq:PMA} \sCST (s,\placeholder ): \mathcal {U}_F(\mathbb {R}^{d_u})\rightarrow \mathcal {U}([N_s];\mathbb {R}^{d_s}).\end {equation}


$s$


\begin {equation}\theta \bigl (\sCST (s,\placeholder )\bigr ) = \theta (\sCST )\cup \{s\}. \label {Xeqn40-4.16}\end {equation}


$\sC (s,\placeholder )$


\begin {equation}\label {eq:st_seq} \sFST :\mathcal {U}_F(\mathbb {R}^{d_u})\rightarrow \bbR ^{\dst }.\end {equation}


$\sFST $


$\sFNN _\mathrm {in}:\bbR ^{d_u}\rightarrow \bbR ^{d_\mathrm {latent}}$


$\sFNN _\mathrm {out}:\bbR ^{N_s\times d_s}\rightarrow \bbR ^{\dst }$


$\sFCat :{\mathcal {U}([N_s],\bbR ^{d_s})}\rightarrow \bbR ^{N_s\times d_s}$


$u\in \mathcal {U}([N];\mathbb {R}^{d_u})$


\begin {align}\sFST (u) &= \sFDec (\placeholder )\circ \sCST (s,\placeholder )\circ \sFEnc (u),\\ \sFEnc (u) &=\bigl (\sSST _{N_\mathrm {e}}(\placeholder )\circ \cdots \circ \sSST _{1}(\placeholder )\bigr )\circ \sFNN _\mathrm {in}(u),\\ \sFDec (u)&=\sFNN _\mathrm {out}(\placeholder )\circ \sFCat (\placeholder )\circ \bigl (\sSST _{N_\mathrm {d} + N_\mathrm {e}}(\placeholder )\circ \cdots \circ \sSST _{1+ N_\mathrm {e}}(\placeholder )\bigr )(u).\end {align}


$\ell \in [N_\mathrm {e} + N_\mathrm {d}]$


$N_\mathrm {e}$


$\sSST _\ell , \ell =1,2,\ldots ,N_\mathrm {e}$


$\sFEnc $


$N_\mathrm {d}$


$\sSST _\ell , \ell =1+N_\mathrm {e},2+N_\mathrm {e},\ldots ,N_\mathrm {d}+N_\mathrm {e}$


$\sFDec $


\begin {align}&\sSST _\ell :\mathcal {U}_F(\bbR ^{d_\mathrm {latent}})\rightarrow \mathcal {U}_F(\bbR ^{d_\mathrm {latent}}),\quad &&\ell =1,2,\ldots ,N_\mathrm {e},\\ &\sSST _\ell :\mathcal {U}_F(\bbR ^{d_s})\rightarrow \mathcal {U}_F(\bbR ^{d_s}),\quad &&\ell =1+N_\mathrm {e},2+N_\mathrm {e},\ldots ,N_\mathrm {d}+N_\mathrm {e}.\end {align}


$\sFST $


\begin {equation}\begin {aligned} \theta (\sFST ) &= \theta \bigl (\sFDec \bigr )\cup \theta \bigl (\sCST (s,\placeholder )\bigr )\cup \theta \bigl (\sFEnc \bigr )\\ &=\theta \bigl (\sFNN _\mathrm {in}\bigr )\cup \theta \bigl (\sFNN _\mathrm {out}\bigr )\cup \bigl (\cup _{\ell =1}^{N_\mathrm {e}+N_\mathrm {d}}\theta \bigl (\sSST _\ell \bigr )\bigr )\cup \theta \bigl (\sCST (s,\placeholder )\bigr ). \end {aligned} \label {Xeqn42-4.20}\end {equation}


$N$


$\bbR ^d$


$N\times d$


$u\in \mathcal {U}([N],\mathbb {R}^d)$


$\sigma $


$[N]$


$[N]$


$\sigma $


$u\in \mathcal {U}([N], \bbR ^{d_u})$


\begin {equation}\sigma (u)(n) = u(\sigma (n)), \quad n\in [N]. \label {Xeqn43-4.21}\end {equation}


$\sigma :[N]\mapsto [N]$


$u\in \mathcal {U}([N], \bbR ^{d_u})$


\begin {equation}\sFST (u) = \sFST (\sigma (u)). \label {Xeqn44-4.22}\end {equation}


\begin {equation}\label {eq:setref} \sFST (u)\in \bbR ^{\dst },\quad \forall u\in \mathcal {U}([N], \bbR ^{d_u}), \quad \forall N\in \bbN .\end {equation}


$\sS $


$\sC $


$\sSST $


$\sCST $


$\sF $


$\sFST $


$\{(\hvn ,h(\hvn ))\}_{n=1}^N$


$\bbR ^d$


\begin {equation}\mathcal {F}(\mathbb {R}^d) = \{ A \subseteq \mathbb {R}^d \mid A \text { contains a finite set of elements} \}. \label {Xeqn46-4.24}\end {equation}


$\sFST $


$F^\mathrm {ST}$


$F^\mathrm {ST}: \mathcal {F}(\bbR ^{d_v}\times \bbR ^{d_y})\rightarrow \bbR ^{\dst }$


$f_v$


$\rho _h^{(N)}$


$\rho _h$


$d_\protect \text  {ST}$


$F^\mathrm {ST}$


$\dst $


$N$


$\dst $


$N$


$\dst $


$\dst =32,64,128$


$\dst $


$\dst =64$


\begin {align}\vn &= \hvn + \Kt \left ( y^\dagger - \hyn \right ), \label {eq:kalman_gain_IB}\\ \Kt &= \Kt ^{(1)} \left ( \Kt ^{(2)} + \Gamma \right )^{-1}. \label {eq:k-theta-sec4}\end {align}


$\Kt ^{(1)}$


$\Kt ^{(2)}$


$\hat {m}$


$\hat {h}$


$\{\hvn \}_{n=1}^N$


$\{h(\hvn )\}_{n=1}^N$


\begin {align}\Kt ^{(1)} &= \frac {1}{N} \sum _{n=1}^N \left (\hvn - \hat {m} + \hwn _\theta \right ) \otimes \left (h(\hvn ) - \hat {h} + \hzn _\theta \right ), \label {eq:full_K1-sec4}\\ \Kt ^{(2)} &= \frac {1}{N} \sum _{n=1}^N \left (h(\hvn ) - \hat {h} + \hzn _\theta \right ) \otimes \left (h(\hvn ) - \hat {h} + \hzn _\theta \right ), \label {eq:full_K2-sec4}\end {align}


$\hwn _\theta $


$\hzn _\theta $


$\hvn $


$h(\hvn )$


$\yd $


$\{(\hvn ,h(\hvn ))\}_{n=1}^N$


$\fF $


$\rho _h$


$\fF $


$\{(\hv ^{(\ell )},h(\hv ^{(\ell )}))\}_{\ell =1}^N$


$F^\mathrm {ST}$


$f_v$


$\rho _h^{(N)} \approx \rho _h$


$F^\mathrm {gain}: \bbR ^{d_v}\times \bbR ^{d_y}\times \bbR ^{d_y}\times \bbR ^{\dst }\rightarrow \bbR ^{d_v}\times \bbR ^{d_y}$


\begin {equation}\label {eq:nn_F} F^\mathrm {gain}\left (\hvn , h(\hvn ), y^\dagger , f_v; \theta _\mathrm {gain}\right ) = \left (\hwn _\theta , \hzn _\theta \right ),\end {equation}


$\theta _\mathrm {gain}$


$\hwn _\theta = \hzn _\theta = 0$


$v$


$\Kt ^{(2)}$


$\Gamma $


$\Kt ^{(2)} + \Gamma $


$\Kt ^{(2)} + \Gamma $


$\Gamma $


$(\Kt ^{(2)} + \Gamma )^{-1}$


$\fB $


$\Kt $


$\Kt $


$\Kt $


$\{v^{(n)}\}_{n=1}^N$


\begin {equation}\label {eq:infl} \begin {split} v^{(n)} &\gets v^{(n)} + (\alpha - 1)\left (v^{(n)} - \frac {1}{N}\sum _{\ell =1}^Nv^{(\ell )}\right ), \end {split}\end {equation}


$\alpha \geq 1$


$(\alpha - 1)$


$\hun _\theta $


$F^\mathrm {infl}:\bbR ^{d_v}\times \bbR ^{\dst }\rightarrow \bbR ^{d_v}$


\begin {equation}\label {eq:f_infl} F^\mathrm {infl}\bigl (\vn , f_v;\theta _\mathrm {infl}\bigr ) = \hun _\theta ,\end {equation}


$\vn $


$\theta _\mathrm {infl}$


\begin {equation}\label {eq:our_infl} v^{(n)} \gets v^{(n)} + \hun _\theta .\end {equation}


$\hun _\theta $


$\hat {v}^{(n)}$


$f_v$


$y^\dagger $


$\Gamma $


$\circ $


$L$


$d_v$


$v\in \bbR ^{d_v}$


$L\in \bbR ^{d_v\times d_v}$


\begin {equation}\label {eq:loc_weight} (L)_{k\ell } = g(D_{k\ell }),\quad \forall k,\ell \in [d_v],\end {equation}


$g:\bbR \rightarrow \bbR $


$D_{k\ell }$


$k$


$\ell $


\begin {equation}\label {eq:EnKF_loc} K = { \left (\hat {C}^{vh}\circ L^{vh}\right )}\left (\hat {C}^{hh} \circ L^{hh} + \Gamma \right )^{-1},\end {equation}


$L^{vh}\in \bbR ^{d_v\times d_y}$


$L^{hh} \in \bbR ^{d_v\times d_y}$


$\hat {C}^{vh}$


$\hat {C}^{hh}$


\begin {equation}\label {eq:loc_k-theta} \Kt = { \left (\Kt ^{(1)}\circ \Lt ^{(1)}\right )} \left ( \Kt ^{(2)}\circ \Lt ^{(2)} + \Gamma \right )^{-1},\end {equation}


$\Lt ^{(1)}$


$\Lt ^{(2)}$


$g$


$g_\theta :\bbR \rightarrow \bbR $


$g_\theta $


$\{D_{k\ell }\}_{k,\ell =1}^{d_v}$


$\{D_1, D_2, \ldots , D_{N_D}\}$


$N_D$


$\hg = [\hg _1, \hg _2, \ldots , \hg _{N_D}] \in \mathbb {R}^{N_D}$


$g_\theta $


\begin {equation}g_\theta (D_i) = \hg _i, \quad \forall i\in [N_D]. \label {Xeqn55-4.35}\end {equation}


$F^\mathrm {loc}: \bbR ^{\dst }\rightarrow \bbR ^{N_D}$


\begin {equation}\label {eq:f_loc} F^\mathrm {loc}\left (f_v; \theta _\mathrm {loc}\right ) = \hg .\end {equation}


$\Lt ^{(1)}$


$\Lt ^{(2)}$


$g_\theta $


$F^\mathrm {loc}$


$\mathrm {softmax}$


$[0,2]$


$[0,2]$


$[0,1]$


$g_\theta $


$\{D_i\}_{i=1}^{N_D}$


$j$


$j$


$L^{(1)}_{\theta }$


$L^{(2)}_{\theta }$


$h$


$g_{\theta }$


$L^{(1)}_{\theta }$


$L^{(2)}_{\theta }$


$h$


$g^{(1)}_{\theta }$


$g^{(2)}_{\theta }$


$L^{(1)}_{\theta }$


$L^{(2)}_{\theta }$


$\Psi $


$h$


$\Sigma $


$\Gamma $


$\Delta t$


$\Psi $


$C_0$


$v_0\sim \normal (\placeholder , C_0)$


$M,J\in \mathbb {N}$


$M$


$J + 1$


$M(J + 1)$


$\{v^\dagger _j\}_{j=0}^J$


$\{y^\dagger _j\}_{j=1}^J$


$\theta _\mathrm {ST}$


$\theta _\mathrm {gain}$


$\theta _\mathrm {infl}$


$\theta _\mathrm {loc}$


$F^\mathrm {ST}$


$F^\mathrm {gain}$


$F^\mathrm {infl}$


$F^\mathrm {loc}$


$\{v_0^{(n)}\}_{n=1}^N$


$j = 0$


$\vn _0$


$C_0$


\begin {equation}\label {eq:initial_ensemble} v_0^{(n)} \sim \normal (v^\dagger _0, C_0), \quad n = 1, \ldots , N.\end {equation}


$j=0,1,\ldots ,J-1$


$\theta = \{\theta _\mathrm {ST}, \theta _\mathrm {gain}, \theta _\mathrm {infl}, \theta _\mathrm {loc}\}$


$\{v_j^{(n)}(\theta )\}_{n=1}^N$


$\{v_{j+1}^{(n)}(\theta )\}_{n=1}^N$


\begin {align}\hvn _{j+1}(\theta ) &= \Psi (v_j^{(n)}(\theta )) + \xi _j^{(n)}, \quad \xi _j^{(n)}\sim \normal (0,\Sigma ),\label {eq:ours_ens_pred}\\ \hyn _{j+1}(\theta ) &= h(\hvn _{j+1}(\theta )) + \eta _{j+1}^{(n)}, \quad \eta _{j+1}^{(n)}\sim \normal (0,\Gamma ), \label {eq:ours_ens_extend}\\ \vn _{j+1}(\theta ) &= (\hvn _{j+1}(\theta ) + \hun _\theta ) + (\Kt )_{j+1} \left ( y^\dagger _{j+1} - \hyn _{j+1}(\theta ) \right ), \label {eq:ours_ens_analysis}\end {align}


$(\Kt )_{j+1}$


$\hun _\theta $


$\theta $


$v_0^{(n)}(\theta ) = v_0^{(n)}$


$\{v_j^{(n)}(\theta )\}_{n=1}^N$


$\theta $


$j=1,2,\ldots ,J$


$\{v_j^{(n)}(\theta )\}_{n=1}^N$


\begin {equation}\label {eq:ensemble_mean} \bar {v}_j(\theta ) = \frac {1}{N}\sum _{n=1}^N v_j^{(n)}(\theta ).\end {equation}


$m$


$V_m = \{v^\dagger _j\}_{j=1}^J$


\begin {equation}\label {eq:loss} \mathcal {L}_m(\theta ) = \frac {1}{J}\sum _{j=1}^{J}\frac {\|\bar {v}_j(\theta )- v_j^\dagger \|_2^2}{\|v_j^\dagger \|_2^2},\end {equation}


$L_2$


$L_2$


$L_2$


$\|v_j^\dagger \|_2^2$


$M$


$m\in [M]$


\begin {equation}\label {eq:batch_loss} \mathcal {L}_{[M]}(\theta ) = \frac {1}{M}\sum _{m\in [M]}\mathcal {L}_m(\theta ).\end {equation}


$\theta $


$\mathcal {L}_{[M]}$


$\mathcal {L}_{[M]}$


$[M]$


$\{\{v_j^{(n)}(\theta )\}_{n=1}^N\}_{j=1}^J$


$j$


$\Kt $


$j$


$J$


$J_0 \in \bbN $


$j$


$j, j-1, \ldots , j-J_0+1$


$j$


$\Psi $


$\bbP (v_j\mid Y_j)$


$N$


$N' \neq N$


$N' \ne N$


$\theta _\mathrm {ST}$


$F^\mathrm {ST}$


$\theta _\mathrm {gain}$


$\theta _\mathrm {infl}$


$\theta _\mathrm {loc}$


$F^\mathrm {gain}$


$F^\mathrm {infl}$


$F^\mathrm {loc}$


$N$


$N'$


$\theta _\mathrm {ST}$


$\theta _\mathrm {gain}$


$\theta _\mathrm {infl}$


$\theta _\mathrm {loc}$


$\theta _\mathrm {ST}$


$m$


$V_m = \{v^\dagger _j\}_{j=1}^J$


\begin {equation}\label {eq:ft_loss} \mathcal {L}_m^{(N)}(\theta _\mathrm {ST}, \theta _\mathrm {gain}, \theta _\mathrm {infl}, \theta _\mathrm {loc}) = \frac {1}{J}\sum _{j=1}^{J}\frac {\|\bar {v}_j(\theta )- v_j^\dagger \|_2^2}{\|v_j^\dagger \|_2^2},\end {equation}


$N$


$N$


\begin {equation}\label {eq:pretrain_N_problem} \theta _\mathrm {ST}^{(N)}, \theta _\mathrm {gain}^{(N)}, \theta _\mathrm {infl}^{(N)}, \theta _\mathrm {loc}^{(N)} = \argmin _{\theta _\mathrm {ST}, \theta _\mathrm {gain}, \theta _\mathrm {infl}, \theta _\mathrm {loc}}\; \mathcal {L}_{[M]}^{(N)}(\theta _\mathrm {ST}, \theta _\mathrm {gain}, \theta _\mathrm {infl}, \theta _\mathrm {loc}).\end {equation}
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\begin {align}&\text {Feature Vector: }&&f_v^{(N')} = F^\mathrm {ST}\left (\{(\hvn ,h(\hvn ))\}_{n=1}^{N'};\theta _\mathrm {ST}^{(N)}\right ), \\ &\text {Gain: }&&F^\mathrm {gain}\left (\placeholder , f_v^{(N')}; \theta _\mathrm {gain}^{(N')}\right ),\\ &\text {Inflation: }&&F^\mathrm {infl}\left (\placeholder , f_v^{(N')}; \theta _\mathrm {infl}^{(N')}\right ),\\ &\text {Localization: }&&F^\mathrm {loc}\left (f_v^{(N')}; \theta _\mathrm {loc}^{(N')}\right ).\end {align}
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\begin {equation}K = \hat {C}^{vh}\circ L^{vh}\left (\hat {C}^{hh} \circ L^{hh} + \Gamma \right )^{-1}, \label {Xeqn76-C.4}\end {equation}
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\begin {equation}\begin {split} (\Lt ^{(1)})_{k,\ell } &= g_\theta (d_\mathrm {peri}(k,4\ell )),\quad k=1,2,\ldots ,40,\quad \ell =1,2,\ldots ,10,\\ (\Lt ^{(2)})_{k,\ell } &= g_\theta (d_\mathrm {peri}(4k,4\ell )),\quad k=1,2,\ldots ,10,\quad \ell =1,2,\ldots ,10. \end {split} \label {Xeqn79-C.7}\end {equation}
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\begin {equation}v^{(n)} \gets v^{(n)} + (\alpha - 1)\left (v^{(n)} - \frac {1}{N}\sum _{\ell =1}^Nv^{(\ell )}\right ),\quad n=1,2,\ldots ,N. \label {Xeqn80-C.8}\end {equation}
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\begin {equation}\label {eq:loss_app_repeat} \mathcal {L}_m(\theta ) = \frac {1}{J}\sum _{j=1}^{J}\frac {\|\bar {v}_j(\theta )- v_j^\dagger \|_2^2}{\|v_j^\dagger \|_2^2},\end {equation}
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estimation, and in particular the methodologies developed primarily in the geophysical sciences, and weather prediction especially,
which are relevant in high dimensions. The overarching goal is to introduce a new framework for the machine learning of data
assimilation (DA) algorithms, and specifically ensemble filters, which facilitates the sharing of parameters between implementations
with different ensemble sizes; we may, for example, train and deploy the same model with different ensemble sizes. To achieve this
we work in the context of mean-field state-space formulations of filtering. This perspective enables us to consider the idea of learning
algorithms which share a common set of parameters, regardless of ensemble size, by viewing large ensembles as approximating a
common mean field limit. In practice, small ensemble sizes behave differently from large ensemble sizes, an issue that has heretofore
been addressed by use of inflation and localization. Here we show that an efficient fine-tuning strategy can be used to transfer
parameters trained at one ensemble size to another ensemble size, at which the algorithm can be deployed. The resulting algorithms
are based on stochastic dynamical systems for a state variable whose evolution depends on its own law; particle approximation leads
to implementable algorithms. We show how the attention mechanism, adapted from the transformer methodology at the heart of
large language models, can be used to define probability measure-dependent transport maps, i.e. mappings that move probability
mass from one distribution to another, that can be approximated by empirical measures using arbitrary ensemble sizes. We refer to
the resulting class of neural network architectures as measure neural mappings.

In Section 1.1, we set our work in the context of pre-existing literature. We introduce notation used throughout the paper in
Section 1.2. Then, we describe the specific contributions we make to achieve our overarching goal, and we overview the contents of
the paper in Section 1.3.

1.1. Literature review

Data assimilation (DA) is a fundamental framework for integrating observational data with numerical models for the purpose of
state estimation and forecasting. DA methods systematically combine observations with prior model forecasts, accounting for their
respective uncertainties, to produce optimal estimates of the system state or to characterize a probability distribution over the state.
Several textbooks provide comprehensive overviews of this field [1-6].

The Kalman filter [7] is a foundational sequential data assimilation algorithm for linear systems with Gaussian errors. The extended
Kalman filter, using linearization, adapts the Kalman methodology to nonlinear systems, but its direct application to high-dimensional
geophysical problems is computationally prohibitive. The ensemble Kalman filter (EnKF) [8-10] addresses this limitation through a
Monte Carlo approach, representing statistics via a limited ensemble of model states. Square-root variants, including the ensemble
transform Kalman filter and the ensemble adjustment Kalman filter [10,11], reduce both storage requirements and sampling errors
through deterministic formulations. Stochastic EnKF variants update each ensemble member using the Kalman filter equation with
random perturbations in the innovation[12]; provides a consistent derivation that favors perturbing the modeled observations. How-
ever, EnKF-based methods commonly encounter challenges in practical implementations and, in particular, suffer from sampling
errors caused by finite ensemble sizes. To address these limitations, covariance inflation [13,14] and localization [15] techniques
have been developed. Approaches such as the iterative EnKF [16] and the maximum likelihood ensemble filter [17] further improve
performance in nonlinear regimes.

The integration of machine learning methodologies into DA has recently emerged as a powerful strategy to enhance predictive
accuracy and scalability beyond traditional approaches constrained by Gaussian assumptions. Such machine learning approaches are
reviewed in [6,18]. A key direction has been the direct learning of filters from data. Learning a fixed-gain filter was considered in
[19-22]. McCabe et al. [23] developed an ensemble filter that uses the mean and covariance matrix as input to a recurrent neural
network. Bocquet et al. [24] further demonstrated the efficacy of neural network-based filtering schemes without relying on an
ensemble, achieving comparable accuracy to ensemble methods by identifying key dynamical perturbations directly from forecast
states.

Complementary to these direct learning strategies, a distinct class of approaches formulates ensemble filtering as a transport prob-
lem. These methods explicitly construct transformations that map forecast distributions onto analysis distributions. Representative
techniques include Knothe-Rosenblatt rearrangements [25], normalizing flows [26], bridge matching [27], and optimal transport
frameworks [28]. These methods offer rigorous probabilistic interpretations and enable accurate sampling from the filtering dis-
tribution at each assimilation step. Typically these approaches find transformations acting on each individual particle, rather than
operating directly at the distributional level, and are not designed to directly transform or update the ensemble members collectively.

Beyond per-particle transformations, a complementary line of research updates the ensemble collectively via particle flows [29],
with applications to atmospheric models [30]. Early particle-flow methods cast the analysis as a continuous ordinary differential
equation that drives particles toward the posterior [31], with related continuous-time ensemble formulations such as the EnKF-Bucy
perspective [32]. Variational or Stein-based mappings are considered to push forward the prior through learned maps, e.g., the
variational mapping particle filter [33].

Probabilistic formulations provide another promising direction for learning-based filters. These approaches aim to directly approx-
imate the Bayesian inference problem of obtaining the filtering distribution [6,22,34,35]. In particular, recent works have proposed
frameworks to jointly learn the forecast and analysis steps [35], or assume knowledge of the dynamics and learn parameterized
analysis maps via variational inference [22].

Building on the use of deep learning architectures for ensemble filtering, recent efforts have incorporated permutation-invariant
neural networks to respect the unordered nature of ensembles. Such architectures enable models to learn interactions among ensemble
members without being sensitive to their ordering, which is essential for consistent filter behavior across runs. These designs have
been applied to directly learn ensemble update rules [36] and to refine ensemble forecasts in post-processing settings [37].
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Transformers and the underlying attention mechanism [38] are now ubiquitous in machine learning. Their success at modeling
global, long-range correlations has made this architecture an attractive methodology for operator learning; see for example [39-42].
In this article we are interested in the attention mechanism as a map between metric spaces of probability measures, thus going
beyond the definition on Euclidean spaces from [38] and the generalization to Banach spaces in [41]. Recent developments in the
mathematical analysis of transformers have led to the formulation of the continuum limit of self-attention layers [43]. In [43] the
authors describe the evolution under this continuum limit architecture as the solution of a continuity equation; see [44] for an
overview on this perspective. This formulation is also employed in [45] to analyze self-attention dynamics as a measure-to-measure
map. However, this analysis is restricted to measures defined on the sphere and does not include cross-attention. In this article
we present a general methodological framework for neural network architectures on the metric space of probability measures and a
general definition of attention as a measure-to-measure map. We will leverage this formulation to build implementable methodologies
effecting data assimilation.

1.2. Notation

Throughout the paper we use N = {1,2,...}, Z* = {0,1,2,...}, R = (—00, ), and R* = [0, c0) to denote the set of positive integers,
non-negative integers, real numbers, and non-negative real numbers, respectively. We define [N] = {1,2,..., N}. We use F(A) to
denote the set of all nonempty finite subsets of a set A.

We denote by P(Q) the space of probability measures defined on set Q. Given a sigma-algebra on Q, we define a probability
measure P on Q and we let E denote expectation under this probability measure. We denote by Law(v) the law of a random variable
v, and denote by T,z the pushforward measure of z by the map T if u ~ z then T(u) ~ Tyz. For = € R¢, we let 5, denote the Dirac
mass on R? centered at point . We use the notation N(m, C) for the Gaussian distribution with mean m and covariance C. We use
the font mathsf for operators acting on the space of probability measures or the space of functions; we also use this convention for
operations on the space of vector-valued sequences over [N], denoted by U'([N];R?). If an operator B on probability measures is
defined as the pushforward by a map, we denote the associated transport map with the font matbfraf, i.e. B(-) = By(-).

In the remainder of this paper we assume that all probability measures are absolutely continuous with respect to the Lebesgue
measure so that they have probability density functions, or that they comprise a convex combination of Dirac masses. We will refer
to probability measures and probability density functions interchangeably, depending on the setting.

In the context of DA, we use v to denote the system states and y to denote the observations. The superscript } indicates true values
and the subscript j € Z* denotes the time step. For ensemble methods, we use the parenthesized superscript (n) for the ensemble
index.

1.3. Contributions and overview

Our five primary contributions are as follows:

1. We present a framework for learning ensemble filtering algorithms, based on a mean-field state-space formulation of the evolution
of the filtering distribution.

2. We introduce a novel generalization of neural operators to maps defined to act between metric spaces of probability measures.
We call such maps measure neural mappings (MNM). We identify an architecture to implement such maps, based on the attention
mechanism.

3. The MNM architecture is used to define approximations of the mean-field formulation of the filtering distribution. This leads to a
novel learning-based framework for ensemble methods: the measure neural mapping enhanced ensemble filter (MNMEF).

4. Because of the mean-field underpinnings, the basic learned parameters are shared between filters with different ensemble sizes.
As a consequence, parameterizations learned at one ensemble size can be deployed at different ensemble sizes, leading to efficient
training at small ensemble sizes. To enhance this approach, we introduce a fine-tuning methodology to incorporate a small number
of parameters, such as localization and inflation, which intrinsically depend on ensemble size, into the resulting filters.

5. We demonstrate that the resulting filtering algorithm outperforms an optimized local ensemble transform Kalman filter (LETKF,
a leading ensemble filter) on Lorenz *96, Kuramoto-Sivashinsky, and Lorenz 63 models, for both small and larger ensemble sizes.

In Section 2 we describe filtering from the perspective of mean-field dynamics and define a learning framework to approximate the
true filter, addressing Contribution 1. Section 3 is devoted to the introduction of measure neural mappings, a generalization of neural
operators to maps taking probability measures as inputs; we show in this section that the attention mechanism can be used to build
a transformer architecture defined on probability measures, thereby tackling Contribution 2. Contributions 3 and 4 are addressed in
Section 4, where we detail the algorithm for finite particle sizes. The numerical experiments in Section 5 support Contribution 5. We
conclude in Section 6. We also note that a reader focused on methodological contributions alone can skip the self-contained Section 3.

2. Learning mean-field filters

In this section, we formulate the filtering problem (Section 2.1), describing sequential DA from the perspective of nonlinear evo-
lution of probability densities (Section 2.2) and from the mean-field state-space evolution perspective (Section 2.3). We then present
the general idea of learning an analysis map which has a probability measure as an input (Section 2.4). Finally, we introduce our
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learning-based mean-field filter approach, which enhances traditional ensemble Kalman filtering by incorporating trainable correc-
tion terms in the mean-field equations (Section 2.5). This allows us to extend and, as will show in numerical results presented in the
penultimate section, improve upon the standard EnKF methodology, which relies on a Gaussian ansatz; in so-doing we maintain the
interpretable structure of Kalman filtering.

2.1. Filtering set-up
Consider the stochastic dynamics model given by
Tt T +
vy =Yo)+¢, jezm, (2.1a)
vy ~N(mg, Cp), &} ~N(©,D)iid., (2.1b)

where ¥ : R% — R% is the forward dynamic model, and u} 5]‘ € R4 for j € Z*. We assume that the sequence {5}' }jez+ is independent

of initial condition ug; this is often written as {f;.r Vez+ L v(") The data model is given by

Vi =hW, )40, JeZt, (2.2a)
'7, ~N(O,D)iid., (2.2b)

where i : R% — R% is the observation operator and yj., :1; € R% for j € Z*. We assume that the sequence {r,;,r en L vg and that the
two sequences in the dynamics and data models are independent of one another: {é;.r Vezr L {11; }jen- The states v; lie in R%, while

the observations y' lie in R%. Note that there is a hidden parameter At specifying the time interval between steps j and j + 1. It is
implicitly embedded in (2.1) through ¥, which represents the discrete-time map obtained by integrating the continuous dynamics
over an interval of length Az.

Remark 1. We use { for all variables defining the state and observation, and the noises that define them. This is to distinguish
them from other similar variables, appearing without T, in the algorithms that follow. In this paper, we adopt autonomous dynamics
with additive Gaussian noises according to (2.1) and (2.2). There are several extended settings, briefly outlined in Remark 2. These
extensions are important in applications but introduce substantial technical challenges. We do not consider those settings in this
paper for clarity of exposition.

Remark 2 (Possible extensions beyond the baseline model). Beyond the autonomous, additive-Gaussian setting in (2.1)-(2.2), one
may consider [4,46,47]:

¢ Time-dependent dynamics/observations. Allow ¥, X, 4, and I to vary with j. This can destroy stationarity and leads to non-
homogeneous transition/likelihood kernels.

e Multiplicative or non-Gaussian noises. Replace additive Gaussian errors by state-dependent or heavy-tailed noises. This can
induce heteroscedastic innovations and non-quadratic likelihoods.

* Infinite-dimensional state spaces. Model v; in a function space (e.g., a separable Hilbert space) for PDE-governed systems.
One must address well-posedness (e.g., trace-class noise/covariances), operator-valued updates, and consistency under spatial
discretization/mesh refinement.

There are two primary types of problems in data assimilation: the filtering problem and the smoothing problem. In this paper, we
focus on the filtering problem. To this end we define the accumulated data up to time j by Y; = yT, ,y;.}. Using this notation we
state the filtering problem in Definition 1, and the state estimation problem that stems from it in Definition 2.

Definition 1 (The Filtering Problem). The filtering problem refers to identifying and sequentially updating the probability densities
T j(v;) = IP(v; |YJ.T) in P(R%) for j € [J]. These densities 7 ; are referred to as the filtering distributions at time ;.

Definition 2 (State Estimation). The state estimation problem refers to estimating the state v;, based on the given observations YjT,
and to updating the estimate sequentially over a series of time indices j € [J].

State estimation can be viewed as a subproblem of the filtering problem. Given the filtering distribution z;, a natural state estimate

is the conditional expectation [E[vjl)’;] as this delivers the minimum mean-squared error estimate of v;. In this paper we explicitly

focus on state estimation: our objective is to recover the hidden state v; at each time step rather than to approximate the full filtering

distribution #;. Accordingly, our loss functions are defined with respect to the true state. We note that, in high-dimensional settings,
the conditional mean is generally inaccessible in practice-accurate computation would require particle filters with prohibitively large
ensembles-so it is standard to evaluate and tune filters against the true state. As outlined in Section 6, our framework can be extended
to the filtering problem by adopting distribution-matching losses to learn the filtering distribution (and hence its mean).

2.2. Filtering: Probability evolution

We consider the filtering problem, which consists of identifying the filtering distribution given by

nj(uj) = um(ujn/j*). (2.3)
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We define the following two measures

R, ) = P!, 1Y), (2.42)
Pl V) =P IY. (2.4b)

The update z; — #;,, can be written in the following three steps:

Predict (linear): #j4 =Pxj, (2.5a)
Extend to data/state space (linear): Pjr1 = Qs (2.5b)
Analysis (nonlinear): Zip1 =Bl y; +1)' (2.5¢)

P is a linear operator that transforms the filtering distribution at time j to the forecast distribution at time j + 1, and is given for the
stochastic dynamics model in (2.1) by:

Pr(v) = / exp (—%llv ~ @I} )r(w) du (2.6)

1
V@r)d det =

Q is also a linear operator, one that multiplies the forecast distribution by the observation likelihood, and is given by:

_1

Qu(o,) = ————exp (-3

\/2r)% det T

Then, the nonlinear operator B can be written in the form:

Iy = h@)Ii ) 7o) 27)

.
TSI
B(pj415 ], )(©) = A (2.8)

Jrdo Pj+1 @0, y;H)du
2.3. Filtering: State-space evolution
Directly evolving the filtering distribution z; is generally intractable since the nonlinear operator B (2.8) cannot be computed

explicitly for most practical applications. Alternatively, we consider a random state evolution process governed by its own law, given
by

Predict: D1 =) +¢&;, & ~NO, D), (2.92)
Extend to observation: Viv1 = h@i) + 1415 My ~ NO, D), (2.9b)
Analysis: Uiy = %(ﬁj+l,ﬁj+l;y;+l,pj+1), (2.90)

where Pt is the joint measure defined by (2.4b). From the definitions of P (2.6) and Q (2.7), and from Egs. (2.9a) and (2.9b), it
follows that (9;,, §;) is distributed as p; 4, i.e., p;4; = Law((ﬁj 1Y +1)). Now, using the theory of transport, we choose 8B so that

the pushforward of p;,, under this map delivers the desired conditioning on the observed data yj'+1 :

B(p,u,l;yj+1

)= B(es oy 0 Di(Pye0)-
It follows that if z; = Law(v;) then z;,; = Law(v; ).

The preceding construct is mathematically appealing but it leaves open the question of how to identify an appropriate choice of
8. The mean-field ensemble Kalman filter [48] leaves (2.9a) and (2.9b) intact but replaces the mapping 8B in (2.9¢) by the affine (in

(D41, 9;4+1)) approximation

Vjy1 = %EnKF(ﬁj-H’j}j+l;y;+1’pj+l)’ (2.10)
defined by
Ui =04 + Kjy <Y;+1 = Pjs1 ), (2.11a)
R . -1
Kp = G (M 4T) (2.11b)

Here, K, is called the Kalman gain, Cvh is the covariance between » 41 and A(0;), and C‘;’fl is the covariance for h(9;,,). Both Cvh

Ahh P
and CpY, are computed under #;,:

Coy = EX R (0= 0141) ® (A(®) = Py )] (2.12a)
City = EXt [(h(0) = hyyy) ® (A(D) = By )]- (2.12b)

Here, 0;,, and h;,, are the mean of states and observations respectively, under #;,:

Djp1 = EXF10, Ry = EX R p(D). (2.13)
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We note that in computation of these covariances we have simply used expectations under #;,,, the marginal of p;,, on the state. It
is possible to use the replacement

AYY Ahh
Cj+l Cj+l +I

where éj.y f , is the covariance for y;,. Hence we write the map Bg,ky as dependent on p;,,, which covers both cases.
What is sometimes termed the stochastic ensemble Kalman filter is implemented in practice by employing an interacting particle

system approximation of the mean-field model. The methodology uses the empirical measure defined by the set of N particles {um I o

to approximate the filtering distribution z; = Law(v;), and hence the empirical measure defined by { A(f)l }f and { (Aii)l, féi)l ) }/ r

to approximate #;,, and p;,,, respectively. We write the resulting approximations as

AN = = 254”) s = — Zﬁ(ﬁ(m S (2.14)

/+l Jj+l 1Y

Making this particle approximation in (2.9), and replacing 8 by B, «r leads to the interacting particle system

o =W + &, (2.152)

A(n) — e

Vi h(vj+])+rl+l, (2.15b)

o ) _ A(n)  o(n) (N)

,’;1 %E“KF(Uj:—l’yj+l’yj+1’pj+l)‘ (2.15¢)
This is a particular instance of the ensemble Kalman filter (EnKF), where use of the empirical approximation pi.]_:_[ ]) means that the
covariances C”‘ and C”h1 given by (2.12) are now computed by use of empirical approximation # A(N ) of # 7y

roh pur®™ o 13 . . 3

= ET (8- 040) @ (W)~ Fyr)] = - X (000, = 071 ) ® (h@) = By ). (2.16a)

n=1
2 7 7 LN (e |7 o)
o S [(h0) = Fypy) ® (D) = Bypy)] = < Z (h@) =T ) @ (@) = By ). (2.16b)

Here #;,, and h;,,, originally defined in (2.13), are also computed by use of an empirical approximation of %,

< - o~ M)
> ot Ry =E""Hh(D) = Z A" (2.17a)

j+1

Remark 3. The ensemble Kalman filter exhibits permutation invariance with respect to the ensemble members. This important
property stems from the fact that both the sample means o,,;, k;,; in (2.17) and the empirical covariance matrices C”i’], Cl”fl
(2.16) are calculated as averages over all ensemble members, making them invariant to the ordering of particles in the ensemble.

This permutation invariance is a crucial property that motivates the design of our methodology.

2.4. Learning probability measure—dependent analysis maps

Machine learning-based approaches can be applied to approximate the analysis step (2.5¢). Indeed, one may seek an operator
Byinm (measure neural mappings, or MNMs, will be introduced in Section 3) acting on probability measures so that

Banm (P15 Y], % By V), - (2.18)

This aim motivates a novel and significant extension of neural operators [49,50]: designing operator architectures that act on the
space of probability measures. We refer to these neural operators that act on probability measures as measure neural mappings (MNM).
A natural way to construct such an approximation is by neural operator By, acting on the joint space of state and data and
parameterized by the observation and by the law of the state, so that

A P A PO
%MNM(UJ-H,yj+1,yj+1,p,~+1) ~ %(Uj+1’yj+l7yj+1’pj+])v (2.19a)
R N . ~ .
BMNM(IJ,'+17YJ-+1) = Bynm(es *; j+11pj+1)jjpj+1 ~ B(Pj+1»yj+1)- (2.19b)

The map By in (2.19a) acts on the joint state—observation space; in contrast the map By in (2.19b), defined through pushforward,
acts on the space of probability measures on the state space. The quantities after the semi-colon parameterize these maps. To use this
neural operator approximation in the state-space evolution, we replace (2.9¢) by the approximation

PO,
Vjy1 = %MNM(Uj+l’yj+lsyj+lyPj+1)~ (2.20)
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2.5. EnKF-inspired probability measure—dependent analysis maps

We now propose a specific novel filtering methodology, which we coin as the measure neural mapping enhanced ensemble filter
(MNMEEP). In this section, we will discuss the mean-field formulation of this approach. We consider a specific form of By, inspired
by the success of the EnKF and describe it here in the mean-field limit. We generalize (2.11) to take the form

R + R
Vi1 = 0j41 + (Kg)jy (yj+1 - yj+1)7 (2.21a)

(Kg)ja1 = Kg(ij,y;_H), (2.21b)

R¥>dy.valued function, and 6 denotes the vector of trainable parameters. Our proposed

where K, (pj+|,y; +,) is a parameterized
choice for By (2.21a) introduces inductive bias by mimicking the affine EnKF update. The following proposed form for Ky(s, ¢) is
identical at each time step; for simplicity we omit the subscript j + 1 in its definition and, in particular, use # as the distribution of

the predicted state. We assume the following form for K,, generalizing the Kalman gain (2.11b):
K, = K;”(K;z) + r)_l. (2.22)
Here Kél) and Kéz) are modified versions of C** and C"" from (2.12). Specifically we have
K" = E™*[(0 - 0+ tbg) ® (h(D) = h+ 2))]. (2.232)
K = E™#[(h(0) = h + 29) ® (h(D) = h + 2,)]. (2.23b)

where i, and 2, are trainable correction terms that depend on the state 9, observation h(d), true observation yf, and the joint
distribution p,,. We apply a neural operator F(-;0) : R% x R% x R% x P(R% x R%) - R% x R% to define the correction terms as

& (0. h(D),y". py:0) = (1. 24). (2:24)

where p;, = Law((f;, h(ﬁ))) is the joint distribution of (9, h(0)). As well as being defined in the mean-field limit, this form of the model
can both be learned and deployed through interacting particle system approximations, just as for the original ensemble Kalman filter.
These interacting particle systems, as well as details of the architecture employed for  in the particle approximation, are defined in
Section 4.

Remark 4 (Factoring Our I'). We note that K, (2.21b) depends on the probability measure p while & (2.24) depends on p,. The
relationship between p and p,, is given by

(D, (D) ~ pp
0,9 ~p & n~N©OT), nlo, (2.25)
¥ =h(d) +n.

By factoring out the noise covariance in the term (K;z) +1)7! in (2.22), we use the explicit knowledge of T in derivation of K.
Therefore, & uses the input p, which does not depend on I'.

Remark 5 (Beyond Gaussian Assumptions). The mean-field map By (2.21a) is constrained to be affine in both inputs ¢ and .
Indeed,

By (@, 59, p) = 0+ Ky (v - ).
We note that this is the same constraint satisfied by the ensemble Kalman filter; see [48]. However, as shown in [48], the gain K in
the ensemble Kalman filter is such that the resulting state estimate has law with first and second-order moments matching a Gaussian
approximation of the true filter. Our approach is more general. Indeed, since K, is trainable, unlike in the EnKF, the gain is not
constrained to satisfy any moment-matching with a Gaussian approximation of the true filter. The ensemble Kalman filter possesses
statistical guarantees for problems involving filtering distributions that are close to Gaussian ( given, for example, by dynamics and

observation operators that are close to linear) [51]. Further work will involve investigating whether this more general methodology
possesses theoretical guarantees for a broader class of filtering problems than the EnKF.

The core of our proposed approach is to learn a neural operator ¥, as given in (2.24), which takes both probability measures,
as well as vectors, as inputs. Section 3 is a self-contained description of a novel methodology for training neural operators that take
probability measures as inputs; it leverages the attention mechanism [38]. In Section 4 we will build on this novel neural operator
framework to provide a concrete methodology for enhanced data assimilation when actioned using interacting particle approximations
of the mean-field limit.

3. Learning maps on the space of probability measures

In this section we introduce a general framework to define neural network architectures acting on the space of probability mea-
sures. Let Q,,Q, denote two sets, equipped with sigma algebras so that we may assign probabilities, and consider maps of the form
F: P(Q)x0O — P(Q,); here ® C RP. Our goal is to define the parametric class of functions so that, by choice of 6* € ®, we may

7
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approximate a given map F' : P(Q,) — P(Q,) by F(-;0*) : P(Q,) = P(Q,). As the desired size of the approximation error shrinks we
will typically require ©, and in particular the number of parameters p, to grow. Such methodology is now well-established for maps
between Banach spaces; see the review [50]. Defining such maps between metric spaces in general, and probability spaces in partic-
ular, is an unexplored research question which we address here. We refer to neural networks on the space of probability measures as
measure neural mappings (MNM).

In what follows, we show that the popular transformer architecture may be formulated as a mean-field mapping on the space of
probability measures; this mapping is mean-field because it not only acts on but is also parametrized by probability measures. We
call such a neural network architecture the transformer measure neural mapping (TMNM). This architecture will serve as a parametric
family of operators of the form F : P(R%) x P(R%) x ® — P(R%) defined via action on u € P(R%) and v € P(R%) as

Fu,v;0) = F(o; v, Oyp. (3.1)

The transport map in (3.1) is a mapping of the form & : R% x P(R%)x ® — R%. For ease of exposition we will henceforth omit
the 6 parameterizations of the operators. In Section 4 we will show how this transformer measure neural mapping, in particular
the transport map that defines it, may be used to implement (2.24) in the context of learning an ensemble-based data assimilation
algorithm. For this section, however, we work quite generally, without specific reference to data assimilation.

Remark 6 (Training a Transformer MNM). In practice, implementing MNM architectures such as that in (3.1) involves working
with samples from the measures u € P(R%) and v € P(R%) rather than the measures themselves. This finite sample approximation
introduces the challenge of selecting an appropriate loss function that is readily computed from samples. For the purposes of this
article, we will employ a loss function based on matching the mean of the output measure under the map. Future work will optimize
based on the use of metrics on probability measures and scoring rules, not just the mean; see Section 4 for more details.

In what follows we assume access to samples u(i) ~ y fori = 1,..., N and similarly w(j) ~ v for j = 1, ..., M. We note the following
useful identity, which follows from (3.1) (dropping explicit 6—dependence):
|« | <
F(F ; 5"([)’ V) = N ; 6%(140);\/) . 3.2)

This characterization will be used to describe implementable algorithms.

In view of Remark 6 we proceed by describing the TMNM architecture in detail as a mapping between spaces of probability measures.
This mean-field perspective is more general and justifies the deployment of MNM architectures trained with a finite collection of
samples to ensembles of different sizes. Nonetheless, in the development that follows, we provide examples illustrating the finite
sample empirical setting such as in Remark 6, which will be the focus of later sections.

We proceed in Section 3.1 by describing the TMNM architecture as a composition of specific maps on probability measures, which
we call attention blocks and which involve the application of the attention map. In Section 3.2 we define attention as a map on
measures and show how, via application of this map to empirical measures, it is possible to recover the formulation of attention on
Euclidean spaces from [38].

3.1. Transformer measure neural mapping

The TMNM architecture as an operator of the form F : P(R9%) x P(R%w) — P(R%) consists of a composition of N, € N number of
operators S, : P(R%) — P(R%), N, € N number of operators S, : P(R%) — P(R%), and C : P(R%) x P(R%) — P(R%), which we
call the self-attention and cross-attention blocks, respectively. We define F via action on inputs 4 € P(R%) and v € P(R%) as

F(u,v) =Sy ny4n, ()0 - 08, 14w, (9)0C(1, )08, v, (2)0 -+ 05, 5(2)0S, 1 (V). (3.3)

For ease of exposition, for operators S we will henceforth drop the notation S,, as the dimension of the input state space will be
clear from context. We note that the cross-attention block is intimately related to the pooling multihead attention block from the
set transformer architecture [52]. In Remark 7 and in Section 4 we make explicit the connection between the TMNM and the set
transformer. Both operators S and C will be defined via a pushforward operation under a transport map €: we define

S(u) = C(s g us (3.42)

Clu, v) = C(e; )y (3.4b)
We now outline the construction of the transport map appearing in (3.4a) and (3.4b). Indeed, we may write the map € : R% x
P(R4w) — R% acting on the inputs u € R% and = € P(R%) as the composition of the maps

7R %LN (u + Alu; 71')), (3.5a)

u e N+ WNw). (3.5b)
We note that each of the maps appearing in the composition in (3.5) may be used to define a pushforward operator on measures.

Remark 7 (Set Transformer Architecture). We note that the composition in (3.3) is a generalization of the set transformer architecture
from [52] to the continuum. Indeed, the set transformer acts on a collection of vectors {u(1), ..., u(N)} ¢ R% which we may assume to
be drawn from an underlying reference measure y. The set transformer relies on learning a vector w € R% with which cross-attention
is applied to the ensemble. The set transformer architecture may thus be viewed as the map F in (3.3) when acting on the empirical
measure uV = % Zfi | 84y and a learned dirac 6,,,.
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We will now turn our focus to defining each of the maps in (3.5). The map N : R% — R4 defines layer normalization and is
such that

w, — m(u)
Vo2(u) + e

for k =1,...,d,, any u € R%, where the subscript notation (s), is used to denote the k’th entry of the vector. In Eq. (3.6), ¢ € R* is a
fixed parameter, y,, f; € R are learnable parameters and m, o are defined as

(8™wr.p) =n- + B (3.6)

du dll
m(u) = RS Zuk, o2(u) = L Z(uk - m(u))z, B3.7)
. i 4y =
for any u € R%. The operator "N : R% — R% is defined such that
SN Wi, Wy, by, by) = Wy f (Wiu+ b)) + by, (3.8

for any u € R%, where W, W, € R%*% and b,,b, € R% are learnable parameters and where f is a nonlinear activation function.
The map U : R% x P(R%) — R% is the attention map: Section 3.2 which follows is dedicated to its formulation as a transport
defining the attention map on measures A.

3.2. Attention as a map on measures

We present the definition of the attention operator as a map between a product of the spaces of probability measures P(R%) and
P(R%) into another space of probability measures P(R%). ! If considering the map as acting on measures defined on the unbounded
domain R we must make assumptions on the input measures themselves, i.e., tail decay assumptions, so that the attention operator
is well-defined. Hence, for ease of exposition we first present attention as an operator A : P(Q,) X P(Q,,) — P(R%), where Q,,Q,,
are bounded open subsets of R%, R% respectively; we will then extend the definition to the general case A : P(R%) x Ps(R%w) —
P(R%), where the subset of measures P5(R%) c P(R%) consisting of all probability measures whose tails decay strictly faster than
exponential, will be appropriately defined.

Definition 3 (Attention on Measures: Bounded State Space). We define the operator A : P(Q,) X P(Q,,) — P(R%) via its action on
inputs (4, v) € P(Q,) X P(Q,,) as a pushforward of the first input measure y € P(Q,) by a transport map 2 : Q, x P(Q,,) — R% which
is parametrized by the second input measure v € P(Q,,), hence

Alp,v) = A5 v)gp. (3.9)
The transport map % : Q, X P(Q,) — R% takes as input a vector u € Q, and a probability measure v € P(Q,,) and computes an

expectation under a rescaling of the measure v, which is parametrized by u. Namely for (1, v) € Q, X P(Q,,) it holds that

Au;v) =E yWw, (3.10)

w~p(-;u,v
where
exp((Qu, Kw)) v(dw)

. 3.11
/Qw exp((Qu, Kz))v(dz) ( )

pdw;u,v) =

Dimensions of the learnable matrices O, K,V are determined from the above, provided Q, K have the same output dimension, which
is a free parameter to be specified.

Remark 8 (p(+; u) is a probability measure). Clearly, the normalization constant in (3.11) is finite, as the integral is taken over Q,,
a bounded domain. Furthermore p integrates to 1 over Q,,, hence it defines a probability measure.

In view of Remark 8, in order to extend the definition of the attention operator expressed in (3.9) to a map on probability measures
defined on an unbounded domain, extra care is required to ensure the normalization constant in (3.11) is finite. Indeed, we must
assume that the measure v € P(R%) has sufficiently fast tail decay in order to compensate for the exponential growth in the integrand.
To this end, we introduce the following subset of ?(R%), on which the attention operator will be shown to be well-defined. Intuitively,
the condition that defines the subset is satisfied by all measures whose tails decay faster than exponentially.

Definition 4 (Set of Measures with Exponential Tail Decay). For 6 > 0 we define Ps(R%) C P(R%) as a set of measures satisfying
the following exponential tail decay condition:

PsR%) = {n e PRY%) : plo€Q: |X(w)| 21} <2exp(—t'*?)}.

Given Definition 4, we may now define the attention operator as a map on probability measures defined over unbounded state
spaces.

! In this self-contained subsection we use the notation d, to denote the dimension associated with the output space of probability measures. This
is not to be confused with the dimension of the state of the dynamical system (2.1) that is subject of the majority of the remainder of the paper.

9
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Definition 5 (Attention on Measures: Unbounded State Space). We define the operator A : P(R%) x P;(R%w) — P(R9) via its action
on inputs (u,v) € P(R%) x Ps(R) as a pushforward of the first input measure y € P(R%) by a transport map 2 : R% x Pz(R%w) —
R¥ which is parametrized by the second input measure v € P5(R%), hence

Ap,v) = A Vg p. (3.12)

The transport map 2 : R% x P3(R%) — R% takes as input a vector u € R% and a probability measure v € P5(R) and involves
computation of an expectation under a rescaling of the measure v which is parametrized by u. Namely for (u,v) € R% x Pg(R9w) it
holds that

(3 V) = Eyp oy V W05 (3.13)

where

exp((Qu, Kw) ) v(dw)
/[Rdw exp((Qu, Kz)) v(dz)

Definition 4 allows to state and prove the following lemma regarding the finiteness of the normalization constant appearing in
(3.14).

(3.14)

pdw;u,v) =

Lemma 1. Let Q,K,V be fixed matrices of appropriate dimensions. The measure p(du; s) is a well-defined probability measure for v €
Py(R%).

Proof. It suffices to show [q4, exp({Qu, Kz))v(dz) < co. Using the Cauchy-Schwarz and Young’s inequalities we obtain that,

s 146
exp((Qu. Kz)) < exp(IQIIK lullz]) < exp<(”Q””K”'“') ’ >exp< 12| ) (3.15)

(1+6)/8 (1+06)

We note that
|Z|1+5
/Rdw exp((Qu,Kz))v(dz) < C(u) ,/[Rdw exp ((l " 6)>v(dz)
0 |Z|1+6
:C(u)/0 v(exp((1 +6)> > t)dt
1 |Z|1+5 o |Z|1+6
= C(u)/O v<exp <(1 +5)> > t>dt+C(u)/l v(exp <(1 +5)> > t)dt

<cw+cw [ LA, WY
<C(u)+ (u)/l v(|z|>f)exp<(l+5)>r T

5
<C)+ C(u)'/l exp <(1_T[35) . r1+5>r5dr < o0,
where C(u) is a constant depending on u that changes from line to line, and where in the fourth line we used that the first integral
is less than or equal to 1 and applied the substitution r = exp(z!*® /(1 + §)) to the second integral; furthermore, we used v € P5(R4w)

for the final inequality. O

For implementable algorithms it is useful to consider the finite sample case, where we assume we have access to empirical
approximations of the measures y € P(R%) and v € P;(R%) via a collection of samples, or ensembles, {u(1),...,u(N)} C R% and
{w(1),...,w(M)} C R%. The following proposition provides a description of the attention operator when applied to empirical mea-
sures. The resulting expressions will be useful more generally to formulate the trainable algorithms we will use for data assimilation.

Proposition 1 (Attention on Empirical Measures). Assume that, for u € P(R%),v € P5(R%), samples u(l), ... ,u(N) are drawn ii.d.
from u and samples w(l), ..., w(M) ~ v are drawn i.i.d. from v. Then for uV = % ijil Bu(jy and vM = % Zj]\i] Sy it holds that

N
N My _ 1
A, v = N Z 6’2[(u(j);vM)’

where

M N, Kw(k)))V w(k
B (uGi: ) = 2L exp((Que). Kuw®))V ) 3.17)

2L, exp((Qu(j), Kuw(£)

Proof. This follows by application of identity (3.2) to Definition 5. [

We note that the expression (3.17) corresponds to the definition of attention on discrete sequences as highlighted in [38].

10



E. Bach, R. Baptista, E. Calvello et al. Journal of Computational Physics 547 (2026) 114550

4. Particle approximation of learned mean-field filters

In this section, we detail our proposed machine-learning-based DA method, the measure neural mapping enhanced ensemble filter
(MNMEF), for the state estimation problem. In particular we build on the mean-field formulation introduced in Section 2, and in
Section 2.5 in particular, by introducing an interacting particle system approximation. The resulting machine-learned ensemble

approach is based on updating {U(">} to {vﬁ.’fl } L , through the following steps:
Predict: 13(.") = lI’(vﬁ")) + 55"), (4.1a)
Extend to observation space: A;:) L= h(ﬁ;’f D+ ;1;1)1 s (4.1b)
Analysis: UE.’_':I = ﬁ;’fl + (Kg)j+1( Yin ﬁi.'zl ) (4.1¢c)

After the prediction steps (4.1a) and (4.1b), we obtain a set of particles {(ﬁ(':_)l, h(ﬁ(")l))} . The computation of K, is elaborated
through Egs. (2.22), (2.23), and (2.24) in a mean-field perspective, now extended to also 1nclude this particle setting. As in Section 2,
we drop time index j in what follows and recall that p, = Law((, h(9))) is the joint distribution of (9, h(9)) in the mean-field limit. In

the particle case, under their implied empirical distribution, we have
| X
™ L L
= Z )

and use this as an input measure to K,. The core idea is to train a parameterized neural operator %(ﬁ, h(®), ¥, pp; 9) that outputs the
correction terms used to compute K,. This can be done using the transformer measure neural mapping (TMNM) architecture F (3.3)
introduced in Section 3. When applied to empirical measures such as (4.2), this TMNM scheme is equivalent to the set transformer
architecture [52] acting on sequences, as outlined in Remark 7. In this section, which is concerned with implementation, we will
work with the formulation of the scheme on sequences; we will also show that the resulting scheme is invariant to permutation of
the elements of the sequence. To distinguish the resulting operator on sequences to the one acting on measures from Section 3, we
will employ the notation FST opposed to F; see (4.18) for the definition of FST. Due to the permutation invariance property of the set
transformer, we can treat the input as an unordered set: we define the corresponding operator acting on finite sets using the notation
FST ; see (4.25).

The parameters 6 learned in K, implicitly depend on N, the number of ensemble members used in training. However, the relation
between the set transformer and its mean-field limit from Section 3 allows us to deploy the model parameters 6, trained using an
ensemble size N, to an ensemble of a different sizes N'. This is because the N and N’ systems may both be thought of as approximating
the same mean-field limit. Similarly to the standard use of the EnKF, our learning framework also incorporates techniques such as
inflation and localization to enhance the performance of the filter [6] as ensemble sizes vary. We view this as a fine-tuning: fixing the
majority of the parameters in 0 as ensemble sizes vary, but allowing a small subset of parameters-including those related to inflation
and localization-to vary with ensemble size.

We present the complete implementation details of our method in the following subsections. In Section 4.1, we review the set
transformer architecture. In Section 4.2, we present our architecture that learns a parameterized gain matrix, generalizing the EnKF
formulation, and enhanced by use of adaptively learned inflation and localization parameters. Section 4.3 explains the loss function
and training process. In Section 4.4, we describe how to efficiently fine-tune our method to allow for ensemble size dependent inflation
and localization. In A we provide a comprehensive summary of our learning framework with detailed pseudo-code algorithms.

Note that all aspects are based on a discrete setting, where our approach evolves an ensemble of particles, as in the EnKF.
Consequently, all measure-related operations are transformed into computations based on the empirical measure, or equivalently,
the ensemble, viewed as a set of points in state space. When the time-step subscript is omitted, this indicates that the analysis applies
to any time step j.

o @™ )) (4.2)

/+l j+l

4.1. The set transformer

In this section, we review the set transformer architecture [52] used to process ensembles {( u(’”)}N or {(h(0™))} :j: . into fixed-
dimensional feature vectors. While Section 3 introduced the set transformer from a measure-theoretic. perspective, we now consider
our input as a sequence that, due to the architecture’s design, can be treated either as a set or an empirical measure.

For two sequences u € U'([N];R%) and w € U ([M]; R%), we provide the definition for the sequence-based attention mechanism,
which is given by

Yol exp((Qu(j), Kw(k)))V w(k)
T exp((Qui), Kw(@))

We recall that this is equivalent to the formulation (3.17) in Proposition 1 obtained by applying the measure theoretic definition of
attention to empirical measures. Defining the set of sequences of finite length in R? by,

A(u(j); w) = (4.3)

Vp@®RY) =Up_ U(INL;RY), 4.4)

11
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we can define an attention operator AST (where the superscript ST indicates it is used in the set transformer architecture) as a
sequence-to-sequence operator, analogous to the attention A acting on measures (3.9): 2

AST  Vp(R%) X Up(RUw) — Up(R%). (4.5)

In view of (4.3), the output sequence length is the same as the length of the first input. Specifically, for u € U'([N];R%) and w €
V(M];R%),

AST(u, w)(j) = A(u(j); w), Vj €N (4.6)
The learnable parameters in AST are denoted by
9(AST) = {0, K, V} (4.7)

In the context of practical implementations, AST is commonly instantiated as a multihead attention mechanism, which allows the
model to jointly attend to information from different representation subspaces [38]. The detailed formulation of multihead attention
is presented in B.

The set transformer architecture is composed of several key building blocks [52]. The fundamental computation unit is the Cross-
Attention Block (CAB) given in the following definition.

Definition 6 (CAB for Sequences). The Cross-Attention Block (CAB) CST is an operator that maps two sequences into one sequence:

CST: UpRU) x Up(R%) - Up(R%). (4.8)

For u € U'([N];R%) and w € U'([M]; R4w), CST is defined as
ST, w) = PN, + FWN(w))) € U(IN]; R%), (4.92)
uy = FN(u+ AST(u,w)) € U(INT; R%). (4.9b)

Here AST is the sequence-to-sequence attention (4.5); FI'N denotes application of the layer normalization operator N (3.6), ele-
mentwise in the sequence; FNN denotes application of the feedforward operator NN (3.8), also elementwise in the sequence. The +
operator acting on sequences is interpreted as adding elements with the same index, i.e.,

(u + 0)(j) = u(j) + v(j). (4.10)
The trainable parameters in CST include the parameters from F%N, F%N, FNNand AST, i.e.,
0(CST) = o(FN) U o(F5N) U o(FYN) U B(AST), (4.11)

where the layer normalization layers F%N, FIEN have trainable parameters according to (3.6)(3.7), the feedforward layer FNN has train-
able parameters according to (3.8), and the attention layer AST has trainable parameters according to (4.7). We note that practically
the cross-attention block on sequences is the multi-head attention block from [38,52] and may be viewed as the sequence-to-sequence
analog of the cross-attention block C on measures from (3.4b).

The set transformer architecture is composed of several self-attention blocks (SAB) (Definition 7) and a pooling by multi-head
attention block (PMA) (Definition 8), which are defined in the following using CAB.

Definition 7 (SAB). The self-attention block (SAB) SST, also called the set attention block [52], maps a sequence to another sequence
with the same length and dimension, so that

SST : Ve (R%) - Up(R%). (4.12)
The application of S5T is calculated by setting both inputs of CST to be the same, i.e.,

SST(w) = CST(u, u). (4.13)
Here, the trainable parameters satisfy

9(s5T) = o(CST). (4.14)
See (3.4a) for the measure theoretic analog S.

Definition 8 (PMA). The pooling by multi-head attention block (PMA) CST(s,+) is defined by replacing the first input in the CAB
CST (s, 0) by a trainable parameter s, called the seed. The seed s € U'([N,], R%) is a sequence, where N, s and d; are fixed hyperparam-
eters. Therefore CST(s, +) maps a sequence of any finite length to a sequence with fixed length,

CST(s,0) 1 UpR%) - U(IN,];R%). (4.15)
The trainable parameters in PMA are the parameters in the CAB and the seed s,
9(C5T(s,9) = (CSTH U {s). (4.16)

See Remark 7 for the measure theoretic analog C(s, o).

2 Asin Section 3, here d, does not necessarily refer to the state space dimension in the dynamical system; the exposition in this subsection is quite
general, defining the set transformer and linking it to the MNM in Section 3.

12
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The set transformer maps a sequence of any finite length to a fixed-dimensional feature vector:
FST : U (R%) — RYsT, 4.17)

To fully specify the detailed architecture of FST, we will utilize two multilayer perceptrons (3.8) FNN : R% — Rewent, and FNY :
RNs*ds — RIT (that act elementwise on sequences), and a parameter-free concatenation layer FC3 : 1/([N,],R%) — RNs*ds that
concatenates all elements in a sequence into a vector.

For a sequence u € U'([N]; R%), the set transformer is hence given by:

FST(u) = FP2¢(2)oCST (s, #)oFE™ (), (4.18a)
FEnC(y) = (s?\};(.)o 05§T(.))0F§]N(u), (4.18b)
FDec () — Fgg(.)oFCat(.)o(stT(i+Ne(.)o os?INe ) @). (4.18¢)

The subscripts £ € [N, + Ny] emphasize that the trainable parameters of these SABs are different. Integer N, is the number of SABs,
S;T,f =1,2,..., N,, in the encoder F¥™, while N, is the number of SABs, S;T,f =14 N_2+N,,..., Ny + N,, in the decoder FPec,
Specifically, we have

ST 1 Up(Rwent) — 1/ (R%aten), ¢£=1,2,...,N,, (4.192)
SST: Up(RY) > Up(RY), £=14+N,2+N,,....,Ny+ N,. (4.19b)

Further practical details about our set transformer architecture, including the dimensions of latent features and the choices of layers,
are provided in C.1.
The trainable parameters in FST are given by:

O(FST) = 0(FP¢) U O(CS"(s,)) U O(FE)
=0(FNN) Ua(FNN) U (UNTM0(S5T)) LU O(CST(s, »)).

out =1

(4.20)

The set transformer architecture exhibits two key properties when processing an input sequence, namely, the permutation in-
variance (Proposition 2) and adaptation to variable input lengths (Proposition 3). These two propositions are proved in [52] under
a slightly different setting: in the original work a length-N sequence in R is represented as an N x d matrix, whereas here it is a
mapping u € U'([N],R?).

Proposition 2 (Permutation Invariance). A permutation o is a bijective function from [ N] to [ N]. We extend the definition of o to sequences
inu € U'(IN],R%) so that

o()(n) = u(c(n)), ne€[N] (4.21)
Then for any permutation ¢ : [N]~ [N] and any input sequence u € U'([N], R%), we have
FST(w) = FST (o (u)). (4.22)

Proposition 3 (Adaptation to Variable Input Length). A set transformer architecture with fixed parameters takes input sequences with
different lengths while the output dimension is fixed:

FSTw) € RT, Vue U(N],R%), VN eN. (4.23)

Based on these two properties, we can bridge the sequence input and the probability measure input for the set transformer
architecture. The permutation invariance property (Proposition 2) enables us to abstract away from the sequential nature of the input
and treat it as an unordered set. More fundamentally, this allows us to interpret the input as an empirical distribution, where each
element in the sequence represents a sample from some underlying distribution. Furthermore, Proposition 3 demonstrates that we
can accommodate varying input lengths without architectural modifications, effectively allowing us to adjust the number of samples
in the empirical distribution. Together, these properties (Propositions 2 and 3) provide theoretical foundation for analysis of the main
components of the set transformer in the context of probability measures (Section 3).

Remark 9 (Common Notation for Operations on Measures and on Sequences). In this section, much of the notation coincides with
that in Section 3. This is because the underlying definitions are almost identical, with the key distinction being that in Section 3 the
operators act on probability measures, whereas in this section they act on sequences. The preceding developments in this subsection
explain the connection. For example, in Section 3, S and C denote the measure-based self-attention (3.4a) and cross-attention (3.4b)
blocks, while in this section, ST and CST represent the sequence-based self-attention (4.13) (Definition 7) and cross-attention (4.9)
(Definition 6) blocks, respectively. In addition, F refers to the transformer measure neural mapping (3.3) in Section 3 while FST refers
to the set transformer (4.18) acting on sequences.

4.2. Our architecture

In this section we provide a detailed description the architecture in our proposed learnable DA method, MNMEF. The core of our
approach is to learn a parameterized gain matrix (Section 4.2.1), generalizing how the classical EnKF utilizes a Gaussian-inspired
gain. Additionally, to enhance performance, we incorporate inflation and localization techniques (Sections 4.2.2 and 4.2.3), akin to
their role in EnKF.

13
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In our architecture, we use a set transformer (Section 4.1) to process the ensemble {(5, A(5())} i , into a fixed-dimensional
feature vector. We define the set of finite subsets in R? by,

F(@R?) = {A C R | A contains a finite set of elements}. (4.24)

Because of the permutation invariance property (Proposition 2), we may reinterpret the set transformer FST as a map FST that acts
on sets rather than sequences: FST : F(R% x R%) — R, given by
FST({@", h(@NN 1 0gr) = f, € RT (4.25)

The feature vector f, can be viewed as a representation of the empirical distribution pZN ) given in (4.2) and similarly as an approximate

summary of p,. This representation is subsequently utilized to learn the gain matrix, inflation, and the localization.

Remark 10 (Choice of dgp). By Proposition 3, FST outputs a fixed dimension dgp regardless of ensemble size N. Therefore, we
do not need to adjust dgr based on N. Larger dgy values offer more expressiveness, but increase computational cost. Our tests with
the Lorenz 96 model (Section 5.2) using dgr = 32,64, 128 showed only marginal improvements with increasing dgp, thus we selected
dgr = 64 for all experiments.

4.2.1. Learning the gain matrix
From the analysis step (4.1c) and the proposed form (2.22), we have the following form for the learnable analysis step:
o™ = pm 4 K, (yT _ JA,("))’ (4.26a)

-1
K=K (KP +T) . (4.26b)

Recall that, in the mean-field limit, we impose an inductive bias on our architecture by defining K;l) and K;z) in the form (2.23),
allowing for a learned correction through (2.24). Recall that /i and h are the mean of {#"}N and {n(0™)}N , respectively. The
empirical version of (2.23), used in the practical implementation, takes the form

N

Ky == 21 (67 =i+ @) @ (A~ i+ 2), (4.272)
“
N

K =~ 2‘1 (@™ =i+ 2 ) @ (™) - R+ 2, (4.27b)
P

where 12)‘(9") and 2‘(9") are trainable correction terms that depend on the state 5, the observation h(5™), the true observation y', and
the ensemble {(2™, H(D™@))}N .

The correction terms are defined by a neural operator § as in (2.24) for the mean-field perspective presented in Section 2. In our
practical implementation, we replace the dependence on p,, in § by the ensemble {(5, A(9)))} ];:] and use the set transformer FST
(4.25) to process the ensemble into a feature vector f,. Recall that this can be viewed as using the empirical approximation p;lN ) o Ph
given by (4.2).

To learn the correction terms for each particle, we then train a neural network F&it : R% x R% x R% x Rdst — R4 x R% with
the standard multilayer perceptron (MLP) architecture that takes the feature vector for the ensemble as an input:

Fgain (ﬁ(n)’ h(ﬁ(")), y‘r’ fv; egain) — (li)f:), ﬁ(en))’ (4.28)

where 6., denotes trainable parameters.

gain
From (4.27a) and (4.27b), it is evident that if the correction terms satisfy w;” = 2(9") = 0, the formulation reduces to the EnKF (2.16).
When the dynamics and observation models are linear, or in other words, when the filtering distribution of the states v is Gaussian,
the Kalman filter achieves optimality [7,8,48]. Therefore, the motivation for our proposed scheme (2.22) lies in its optimality in the
linear (or Gaussian) setting, while further aiming to improve the performance of the Kalman filter in nonlinear problems by learning

the correction terms.

Remark 11 (On the Invertibility in the Gain Computation). The matrix K;z), defined in (4.27b) as an average of outer products, is
positive semi-definite. Since I' is a fixed positive definite matrix, the sum K;z) + I' is also positive definite and thus invertible. Crucially,
the minimum eigenvalue of K 6(,2) + I is bounded from below by the minimum eigenvalue of I, which is a positive constant independent
of any trainable parameters. This property ensures the numerical stability of computing (K;2> +I)~! during backpropagation.

Remark 12 (Correction Approach Versus End-to-end Gain Learning). In addition to the proposed approach with correction terms,
we have implemented the end-to-end learning of the operator 8 presented in Section 2.4 and learning the Kalman gain K, directly
without any constraint on its form. We find that the end-to-end approach or directly learning K, results in unstable and slower
learning. A poorly initialized or an unconstrained K, leads to substantial divergence of the resulting filtered trajectory away from the
ground truth trajectory. The EnKF-like structure in (4.26b) with learnable correction terms provides better stability while maintaining
adaptability to nonlinear dynamics.
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4.2.2. Learning the inflation

Inflation is a technique used to increase the ensemble spread, mitigating the underestimation of analysis covariance caused by
sampling errors in ensemble-based methods. Finite ensemble sizes often lead to sampling errors in the forecast covariance, causing
the filter to overly trust forecasts and risk filter divergence. Inflation helps maintain the response of the filter to observations by
counteracting these effects.

The most common form of inflation is multiplicative inflation, where the analysis ensemble {v™}Y that is calculated after the
analysis step (4.1c) is modified as follows

N
v o™ 4 (a - 1)<v(") L Z v(f)>, (4.29)
N
/=1
where « > 1 is the inflation parameter. In our learning framework, we replace the term proportional to (« — 1) by a learned correction
A(n)
term 4
9 E

that is output by an MLP-based neural network F™f! : R% x R4t — R given by
Fintl(u(n)’fv;einﬂ) _ A(e»v)’ (4.30)

where v is the estimated state given by (4.1c), and 6,,;, denotes trainable parameters. The learned inflation step is processed after
the analysis step (4.1c), resulting in the particle update:

v e o 4 ﬁg’). (4.31)

Remark 13 (Dependence and Implications of the Learned Inflation Term). The common form of inflation is a function of the ensemble
states, i.e., not the observations, in (4.29). Similarly, the learned inflation term ﬁ;”) in (4.30) depends on the ensemble states /" and
the feature vector f,, without information of the true observation y' or the observation noise covariance I'. We avoid the risk that
the inflation term would evolve into an end-to-end correction term, ensuring the learning performed by other components in our

framework remains meaningful and effective.

4.2.3. Learning the localization

In spatially extended systems, sampling errors can lead to inaccurate covariance estimation, particularly when the sample size
is small. True correlations typically decay with distance, but spurious long-range correlations may arise, distorting the covariance
structure. Localization addresses this issue by suppressing artificial correlations while preserving meaningful local correlations.

Localization is implemented by damping covariances in an empirical covariance matrix based on distance. This is typically achieved
by applying a Hadamard product (elementwise product, denoted by o) between the empirical covariance matrix and a predefined lo-
calization weight matrix L. For the dynamic model (2.1) with the state in d,-dimensional space (i.e., v € R%), L € R%*v is calculated
by

L)y = g(Dyy), VK. €1d,], (4.32)

where g : R — R is a function that maps distance values to localization weights (e.g., the Gaspari-Cohn function [53]), and D, is the
distance between index k and ¢. To incorporate the localization technique in the EnKF, the Kalman gain formula (2.11b) is modified
as

K = (CvhoLh)(EMhor 41) 7" (4.33)

where L' € R%*% and L" € R%*? are localization weight matrices corresponding to C*" and C"*, respectively.
In our learning-based formulation of localization we proceed as follows: we incorporate localization into our parameterized Kalman
gain by modifying (4.26b) to take the form

-1
K, = (K;”o <<'>)(K,§2>o <@ +r) , (4.34)

The localization weight matrices <(1) and < follow the structure in (4.32), where g is replaced by a parameterized distance-to-weight
function g, : R - R.

In practice, it is not necessary to learn the entire function g, since we only have a finite number of different distances, defined
by the spatial grid for discretized PDEs, and time indices in the setting of ODEs. We denote the unique distance values in { D;, }Z,Uf=1
as {Dy, D, ..., Dy, }, where N, is the number of distinct distances. Given a vector g = [}, 8. ..., &n,] € RNp, we can define the
function g, by

g(D;))=§;, Vi€[Npl (4.35)
We employ a MLP-based neural network F!°° : Rt — RNp given by:
Floc (fu; Hloc) =4 (4.36)

The parameterized localization weight matrices <) and < are calculated based on the output of this learned function g,. In C.2,
we provide a step-by-step example illustrating the computation of the parameterized localization weight matrices.

Remark 14 (Implementation Insights for Learning Localization Weights). Here we provide more details for the learning process of
the localization weight matrices and make some comments on our proposed approach.
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e The final layer of F'°° is a softmax function scaled by 2, ensuring all outputs lie within the interval [0,2]. Although amplifying

underestimated covariances is typically the responsibility of inflation alone, our architecture jointly performs localization and

inflation. Thus, we allow the weights to range in [0, 2] rather than [0, 1] to grant additional flexibility in the localization component.

Instead of learning a continuous parametric form for g,, we learn its values only at discrete distances { D; }’11‘]’ This reduces model

complexity while preserving localization expressivity.

e While EnKF-based localization methods typically use fixed weight matrices across time steps (e.g., using the Gaspari—Cohn function
[53]), there is much interest in adaptive approaches [54]. Our learning-based approach adapts these matrices for each time step j
using neural networks via its dependence on the ensemble. As shown in (4.36) (time index j omitted for simplicity), the network
processes time-step-specific inputs, allowing the localization scheme to dynamically adjust based on the current system state.

Remark 15 (On sharing the distance-to-weight function across L(gl) and L(ez)). In forthcoming experiments in this paper, the obser-
vation operator s subsamples state components, so the distances between observation indices are induced by the same state-space
metric used for state indices. Accordingly, we learn a single distance-to-weight function g, and use it consistently to build L(l) nd

(1

L(z) For more general & (e.g., nonlinear or indirect observations), one may instead learn two distinct functions, g, and g(2> tallored

to state-observation pairs for Lfg ) and observation-observation pairs for Ls , respectively.
4.3. Loss function

This section outlines the procedure for training the neural network parameters, including the gain, inflation and localization
(Section 4.2). Based on the stochastic dynamic model (2.1) and the data observation model (2.2), we make the follow assumption for
the training:

Data Assumption 1. Our training is conducted for fixed dynamics ¥, observation operator h, and noise covariance matrices = and I. The
time step At is also fixed (and incorporated in ¥). The initial condition is a Gaussian with a fixed covariance Cy, i.e. vy ~ N(s, Cy). For some
M, J € N, the training data consists of M trajectories of length J + 1, extracted from a single long trajectory generated by propagating the
dynamic model (2.1) for M(J + 1) steps. Each sub-trajectory {u;.' }{=0 has corresponding observations { y) }f=1 generated according to (2.2).

For each trajectory, we generate estimated states from our ensemble-based data assimilation model to compare with the true states
from the dynamic model, enabling us to train the parameters Ogr, Ogyin, Oinp1> and 6y, for the set transformer FST (4.25), and MLPs
F&din (4,28), F1 (4.30) and F'°° (4.36) respectively.

We initialize an ensemble {ug’)}'f:’=1 at the initial time step j =0 for each sub-trajectory, with members sampled i.i.d. from a

Gaussian distribution with the mean vg’) and the covariance C;:

" N(ug,co), n=1,..,N. (4.37)

For j =0,1,...,J — 1 and trainable parameters = {6gr, Ogyin, Oint1 O1oc }» We update the ensemble {U(")(e)}N to {u<”) (0)} , according
to

A<”> " 0) =P @) +E", & ~NO,3D), (4.38a)

w°w) m&”w»+¢ﬂ, “>~Nmr) (4.38b)

o0 0) = @0+ 8+ Ky (v, = 52,0, (4.38¢)

A(H)

where (Kj);,; is our learned parameterized gain matrix, including localization, and &, is the inflation term according to Section 4.2.

For all parameters # we choose vé")(b?) = Ug'). The ensembles {UE")(H)} "1": ) depend on the trainable parameters 0forj=1,2,....J.

In this paper we focus on state estimation, given by the mean of the estimated ensemble {v (”>(0)}n bl

N
5,0 = 3 0). (4.39)
n=1

To train our neural network parameters effectively, we introduce a loss function that quantifies the discrepancy between the estimated
states and the true states across the mth sub-trajectory V,, = {u } , given by:

115;(0) — 112
L£,(6) = 2—2, (4.40)

TE R

which measures the relative accuracy of our ensemble mean predictions compared to the true trajectory. Our loss (4.40) is a relative
squared L, loss, which is preferred over the standard L, loss for two main reasons. First, using the squared L, norm avoids computing
square roots, which can lead to numerical instabilities when calculating gradients, especially when the error approaches zero. Second,
normalizing by the true state magnitude (||u; ||§) makes the loss scale-invariant across different state variables and trajectory segments,
ensuring balanced parameter updates regardless of the absolute magnitudes of the state components. This relative formulation is
particularly important in dynamical systems where state variables may span different orders of magnitude.
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In the training process, the loss is averaged across M training trajectories indexed by m € [M],

Lon@ == ¥ L,0) (4.41)
me[M]

The trainable parameter 6 is optimized based on the above-defined loss £|,. In practice, the loss L), is approximated by a mini-batch
as a subset of [M].

Remark 16 (Gradient Truncation in Sequential Learning). Computing the loss (4.40) requires evaluating ensemble estimates
{{vﬁ.")(e)} ,’,V= 2 /J.z across the entire trajectory. For the ensemble at step j, this involves nested evaluations of K, up to j times. These
nested evaluation arise from the sequential nature of the trajectory, where each step depends on the computing of the Kalman gain
from the previous steps, requiring backpropagation through the entire computational history. With large trajectory lengths J, this
causes slow training and numerical instability since it is nearly equivalent to training a very deep neural network.

To address this issue, we introduce a gradient-detach hyperparameter J, € N. This hyperparameter limits the gradient computation
for the loss related to time step j to only the steps j,j —1,...,j — J, + 1. This approach assumes that the trajectory at time step j is
not significantly affected by parameter changes in the Kalman gain for earlier time steps, which is reasonable given the diminishing
influence of distant past states in many dynamical systems. This technique significantly improves training speed and stability.

Remark 17 (Training Targets and Probabilistic Losses). In the loss (4.40), the ground-truth states used for supervised training are
obtained by simulating the known dynamical model (forward integration of ¥ with prescribed noise model). Thus, the availability
of training data hinges on access to an explicit and tractable dynamic model. In high-dimensional settings where such a model
is unavailable or impractical, a surrogate simulator (e.g., a reduced-order or data-driven one) can be used to synthesize training
trajectories and observations. Furthermore, while the proposed loss (4.40) focuses on state estimation, a promising direction for
future work is to adopt probabilistic loss functions that target the full filtering distribution P(v; | Y;) rather than only the mean-based
point estimator; see Section 1.1.

4.4. Fine-tuning inflation & localization

Following the developments in Section 4.2, we may apply a set transformer (4.25) to process ensembles of any size into fixed-
dimensional feature vectors. This allows for pretraining our MNMEF with ensemble size N and perform inference with N’ # N.
However in classical EnKF formulations, hyperparameters such as inflation and localization depend on the ensemble size, and allowing
for this dependence significantly enhances performance. Thus, we consider fine-tuning a subset of the parameters for inference at
ensemble size N’ # N. We now detail this methodology.

The architecture defined in Section 4.2 is based on trainable parameters 6, for the set transformer FST (4.25), and Bgain> Oinf1> and
0,0, for the MLPs F&in (4.28), Fifl (4.30) and F'° (4.36) respectively. For efficient fine-tuning when transitioning from ensemble
size N to N’, we freeze fg and only fine-tune 6,,;,, 6;y;, and ;... This specific choice of fine-tuning is effective because: (1) freezing
Osy significantly reduces computational costs, as the set transformer contains the majority of network parameters; (2) the remaining
parameters, though small in number, measurably improve performance when they are adapted to the ensemble size.

The training loss for the mth sub-trajectory V,, = {u; }j{z ) is defined by (4.39), (4.40):

2 18;0) - o]112

1
LN 1, 0gginy Orap1s o) = 7 Z s (4.42)
=ENIE
where we add the superscript N to emphasize dependence on the ensemble size. In pretraining with size N we solve
(N) p(N) p(N) p(N) _ : (N)
Osr ’Ggain’einfl’eloc = arg My, 6, i Ginf1- o £ 1) 051 Ogain: Oin1» Oroc ) (4.43)
During fine-tuning for size N’ # N, using the same training trajectories we solve
(N') p(N") p(N") _ : (N') p(N)
Ogain » Oinf1 P10~ = A8 Mg g o1 Liary Ost> Ogains inr> Oroc) (4.44)
with fixed 9;’%”. In practice, we use small mini-batches of [M] to estimate the losses in (4.43) and (4.44).
With the updated parameters, we proceed with ensemble size N’ using:
Feature Vector: fL(,N/) = FST<{(13("),h(ﬁ(")))}r’:’;l;aéj;])), (4.45a)
P gain(, £(N'). (N")
Gain: FEin (o, fN3 000, (4.45b)
Inflation: (e, 70080, (4.450)
Localization: Floc (fU(N’); Gl(é\c//) > (4.45d)

!
Although é)g ) remains unchanged after the fine-tuning, the feature vector f{" differs from the pretraining features f, since the
input ensemble size changes from N to N’.
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Remark 18 (Efficient Training Strategy). While the per-particle update in the analysis step has linear complexity with respect to the
ensemble size N for fixed gain matrix, the overall cost of one forward pass is dominated by the attention operations used to compute
correction terms. These attention blocks scale quadratically in N. In practice, we adopt an efficient training strategy by pretraining
on smaller ensemble sizes N and applying fine-tuning for larger ensembles N’ > N, which maintains comparable performance while
substantially reducing computational cost. Further improvements are possible by employing localized or linear-attention variants that
can reduce the scaling in N.

In Section 5.8, we demonstrate this fine-tuning method’s effectiveness, achieving comparable performance to full parameter fine-
tuning with significantly improved efficiency.

5. Numerical experiments

In this section we present numerical experiments to demonstrate the improved numerical benefit of our proposed method, MNMEF,
in comparison with leading existing ensemble methods; the experiments also serve to validate the effectiveness of several specific de-
tails within our approach. First, in Sections 5.2, 5.3, and 5.4, we compare our method with several classical approaches across several
nonlinear dynamical systems — Lorenz ’96, Kuramoto-Sivashinsky, and Lorenz ’63. In Section 5.5, we compare the computational
time between our MNMEF and other benchmarks. In Section 5.6, we show the robustness of our method to the inherent randomness
in test trajectories. In Section 5.7, we conduct experiments to study the learning-based inflation and localization methods proposed
in Sections 4.2.2 and 4.2.3. Subsequently, in Section 5.8, we perform experiments to illustrate the efficiency and effectiveness of our
proposed fine-tuning method, introduced in Section 4.4. The code for our method is publicly available® and can be used to reproduce
all of our experiments.

We reiterate that all reported experiments are for nonlinear problems. Our methodology is based on learning corrections to the
Kalman filter structure inherent in the EnKF. For nonlinear problems there is bias in the EnKF which can be effectively learned and
corrected for, and this is the essence of our approach. For linear problems there is no bias in the mean-field limit (although there will
still be a bias with a finite ensemble [55]), so our methodology would attempt to fit neural networks to what is largely noise. Without
any regularization or early stopping, this can lead to filter divergence for large enough training epochs. C.6 reports a linear-Gaussian
experiment to illustrate this.

5.1. Experimental set-up

In the following three Sections 5.2, 5.3, and 5.4, we compare our method against several benchmark approaches:

1. Localized EnKF perturbed observation (EnKF) [9,10]: This is the classic implementation of EnKF that employs a stochastic
update approach, where the observations are perturbed by adding random noise samples drawn from the observation noise
distribution.

2. Ensemble square root filter (ESRF) [11,56]: This method is a deterministic variant of the EnKF. It directly transforms the
ensemble using matrix square root operations to match the second order statistics of the EnKF, but without requiring stochastic
perturbations.

3. Local ensemble transform Kalman filter (LETKF) [15]: This method builds upon the Ensemble Transform Kalman Filter (ETKF)
[57] by incorporating spatial localization. ETKF is also a deterministic version of EnKF. Under linear-Gaussian assumptions and
in the mean-field limit, ESRF and ETKF are theoretically equivalent, but they differ in practical implementation.

4. Iterative ensemble Kalman filter (IEnKF) [16]: This method enhances the EnKF (perturbed observation) by incorporating a
variational scheme to better handle strongly nonlinear systems. It iteratively solves a minimization problem between adjacent
time steps, progressively refining the solution for the analysis step through multiple iterations. In our experiments, we set the
maximum number of iterations to 10 and use a convergence tolerance of 1075,

Remark 19. Inflation and localization are important for DA in high-dimensional systems. In our experiments, all benchmark filters
(EnKF, ESRF, LETKF, and IEnKF) employ post-analysis inflation as in (4.29). For the higher-dimensional Lorenz-96 (Section 5.2)
and Kuramoto-Sivashinsky (Section 5.3) systems, we apply localization to the EnKF and LETKF. We employ the Gaspari-Cohn (GC)
function [53] as the distance-to-weight function for the localization according to the DAPPER package [58]. We do not localize ESRF
or IEnKF for the following reasons:

1. LETKF can be viewed as ETKF with localization, and ETKF is theoretically equivalent to ESRF in the mean-field/linear-Gaussian
regime; adding localization to ESRF would thus be essentially redundant with LETKF.

2. For IEnKF, a localized implementation is omitted because it requires multiple iterations with the dynamic model integrations
at each step, making a joint grid search over inflation and localization computationally prohibitive for Lorenz ’96 and KS, and
because without careful radius tuning the method exhibited numerical instability (frequent NaNs due to filter divergence).

The hyperparameters for inflation and localization are optimized separately for each ensemble size via grid search; detailed settings
and results are reported in C.5.
3 https://github.com/wispcarey/DALearning.
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In addition to the methods described above, we evaluate our MNMEF approach at various ensemble sizes. Unless otherwise
specified, our MNMEF is pretrained with ensemble size N = 10 as described in Section 4.3. We then examine our model’s performance
across different ensemble sizes N € {5, 10, 15, 20,40, 60, 100} to demonstrate the generalizability of our approach.

Our evaluation includes two variants of our method:

1. Pretrained MNMEF: Trained once at N = 10 for 1000 epochs and applied directly to all ensemble sizes, demonstrating transfer
capability across different ensemble configurations. This appears as ‘Pretrain’ in our figures.

2. Fine-tuned MNMEF: Fine tune the pretrained model specific to each target ensemble size for 20 epochs, as detailed in Section 4.4.
This appears as ‘Tuned’ in our figures.

The intermediate feature dimensions in the set transformer for different dynamic models are provided in C.1. The detailed intiail
conditions for different dynamic models are provided in C.3. The training hyperparameters including trajectory lengths, learning
rates and batch sizes, are provided in C.4.

For a fair comparison, all benchmark methods (EnKF, LETKF, and IEnKF) are tuned by RMSE with respect to the true state uj‘
Specifically, hyperparameters for inflation and localization are selected via comprehensive grid searches at multiple ensemble sizes
to minimize true-state RMSE. The explored parameter spaces and heatmaps of the grid searches are reported in C.5. This approach
ensures that all benchmark methods achieve close to their optimal performance; the benchmarks thus present a robust test of our
proposed methodology. Notably, we performed hyperparameter selection for the benchmarks directly on their test set performance,
without using a validation set, which only strengthens the benchmark methods’ advantage in our comparisons.

The performance of the methods is evaluated using the difference between the estimated state (i.e., the mean of particles) and the
ground truth state over the entire trajectory. In the continuous-time setting, let v (¢) : [0,T] - R% denote the ground truth trajectory
between time 0 and T, and let v(r) : [0,T] - R% denote the estimated state trajectory. Let || - ||, denote the Euclidean norm in R%.

Then, the performance can be evaluated using the relative L' := L!([0, T]; R%) error:
+ T f
V-V v(t) = v'(@)|,dt
£yl = I : [l _ Jo ||T Il . 1)
Vil Jo Vi@l

In the discrete-time setting, we interpret the discrete time index j as time t; = jAt, where At =T/J is the time step size. The

(N) _ 1 ywN @)
_NZ

estimated trajectory is given by the sequence VM) = {E;N ) f= , Where o] et U s and the ground truth trajectory is given by

V= {uj. } ,’:1' The relative discrete L! error can then be defined as
J . T J -
T IVGAD =V GAnl, At 3 115, - v)ll

eV vy = — _ . . . 5.2)
Yot IVGADI, Ar p oy

This error metric can be interpreted as a form of relative root-mean-square error (RMSE). At each time step j, the quantity [|5; — u; Il
corresponds to the root-mean-square error over the d,-dimensional state vector. The overall metric thus represents a time-averaged
spatial RMSE, normalized by the magnitude of the ground truth trajectory. In what follows, we refer to this error £V, V") as the
relative RMSE (R-RMSE).

For M, trajectories {V, }314:15‘ and their corresponding estimated trajectories {V,\"’ }ff:f‘, the averaged R-RMSE € is given by:
_ 1 Mlesl
&= Y ewMvh. (5.3)
test =1

In the experiments presented in the remainder of this section, we adopt the averaged R-RMSE £ as the primary evaluation metric,
allowing us to ameliorate the effect of randomness inherent in each individual run and providing a more reliable assessment of the
overall performance of different methods. Unless otherwise specified, the number of test trajectories is fixed at M. = 64.

To further highlight the advantages of our method, we consider the relative improvement in terms of R-RMSE &; defined as:

SRI — gbenc_hmark - gt)urs ) (5.4)
gbenchmark
This metric quantifies the percentage reduction in R-RMSE achieved by our method compared to the benchmark method. When
&gy <0, our method performs worse than the benchmark.

We apply the following general hyperparameter setting in all of our experiments unless otherwise specified. The dynamic operator
¥ in Eq. (2.1) is obtained by solving a differential equation using the fourth-order Runge-Kutta (RK4) [59] method. The time step
At denotes the interval between consecutive observations. For accurate numerical integration of the dynamics, we perform multiple
RK4 steps within each interval At, utilizing an integration step size smaller than Az. The dynamic noise & ~ N'(0, ) is typically set at
= crgl where I is the identity matrix and ¢, = 1073 or 0. For the observation noise, 7 ~ N'(0,T’), we define its covariance matrix as
r= aﬁ], where we set o, to either 0.7 or 1.0.

5.2. Lorenz '96

The Lorenz ’96 model is a widely-used set of ordinary differential equations that possess features of large-scale atmospheric dynam-
ics [60]. The model takes the form of a damped-driven linear system, with additional energy conserving quadratic nonlinearity that
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Table 1
Lorenz '96 system settings.
Category Values
Parameters F=8
States U= Uy ... uy) ERY,d =40
Observations h() = (uy,Us, ..., Uzz, Uiz7) € R, dy =10
Time Step Observation time step: A7 = 0.15; 5 RK4 integration steps: At/5 = 0.03

induces cyclic interactions (waves) among the components of the system; this makes it particularly valuable for studying atmospheric
predictability. The system dynamics are governed by the following equations:
du;

d—t’ =(uyy —uo)u —uw;+F, i=12,...d. (5.5)

The parameter settings for the Lorenz '96 system are shown in Table 1. The forcing parameter F = 8 places the Lorenz 96 system in
a chaotic regime when d = 40.

In Fig. 1, we compare the performance of our pretrained MNMEF and fine-tuned MNMEF against four benchmark methods: EnKF,
ESRF, LETKF, and IEnKF, on the Lorenz '96 system. The upper row of plots in Fig. 1 displays the R-RMSE (5.3) for observation noise
levels o, =07 (left plot) and c,=10 (right plot). The lower row of plots in Fig. 1 shows the relative improvement &; (5.4) of our
fine-tuned method as compared to EnKF, IEnKF, and LETKF for these respective noise levels.

We observe that our fine-tuned model consistently outperforms all benchmarks. Indeed, our fine-tuned method achieves sub-
stantial improvement for small ensemble sizes and maintains a notable advantage at larger ensemble sizes, outperforming LETKF
by approximately 15-20 %. Our pretrained model, trained with N = 10 ensembles also behaves competitively, but performs slightly
worse than LETKF for large ensemble size 40, 60, 100.

To further illustrate the performance differences between our MNMEF and the best-performance benchmark LETKF, we provide
visualizations in Figs. 2 and 3 for N = 10 and ¢, = 1.0. The visualization is on the last 100 time steps (from 1401 to 1500) from a test
trajectory of length 1500 and Ar = 0.15. In both figures, our MNMEF approach is the one pretrained with the ensemble size N = 10.

Fig. 2 presents a comparison of the estimated state trajectory. Panel (a) shows the ground truth, and panel (b) shows the sparse
observations. The subsequent rows compare MNMEF and LETKF. Visually, MNMEF displays smaller magnitudes for the absolute
error (panel (d)). In addition, the ensemble spread (panel (e)) for MNMEF is more consistent than LETKF. Fig. 3 focuses on the
estimation of two specific dimensions: one observed (Dimension 1, panel (a)) and one unobserved (Dimension 2, panel (b)). For the
observed dimension, both MNMEF and LETKF perform comparably well, with their ensemble means closely following the ground

NaN NaN
1.2 1.2
Relative 0.9 0.9
RMSE
0.6 0.6 \\
0.3
i 0.3 r———— == :
5101520 40 60 100 5101520 40 60 100
80% 70%
70% 60%
60% 50%
Relative Zg:f 20%
Improvement °
p 30% 30%
20% 20%
10% 10%
0, 0,
0% 5101520 40 60 100 0% 5101520 40 60 100
Lorenz *96 Ensemble Size Ensemble Size
o, =07 o, =10
—— Pretrain” —— Tuned” EnKF ESRF —+— LETKF —— |EnKF

Fig. 1. Comparison results on the Lorenz ’96 system. The upper row of plots shows direct R-RMSE comparisons between different methods, while the
lower row illustrates the relative improvement of our fine-tuning method compared to benchmarks. These comparisons are presented for observation
noise levels o, = 0.7 (left column) and o, = 1.0 (right column). Our proposed MNMEF method is highlighted in the legends with bold font and an
asterisk (e.g. Pretrain*). In summary, our fine-tuned MNMEF model consistently outperforms benchmarks, showing substantial improvements for
small ensembles and a 15-20 % advantage over LETKF at larger ensemble sizes (eg. 60, 100).
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Fig. 2. Visualization of one test trajectory (time steps 1401-1500, Az = 0.15) for Lorenz 96 states (vertical axis) over time (horizontal axis)with the
observation noise o, =10. Panel (a): Ground-truth states (unknown). Panel (b): Observations (known, every 4th dimension observed). Rows 2-3
show our method MNMEF pretrained on N = 10, and the benchmark LETKF with the ensemble size N = 10. Panel (c): state estimation (ensemble
mean), Panel (d): absolute error of mean with respect to the ground truth, and Panel (e): ensemble spread (standard deviation).

MNMEF
(ours)
N=10

LETKF
[15]
N =10

(a) Dimension 1 (Observed) (b) Dimension 2 (Not Observed)

—— True Trajectory ~ -—--- Ensemble Mean 95% Confidence Interval

Fig. 3. Visualization of two dimensions (index 1 and 2) in one test trajectory (time steps 1401-1500, A¢ = 0.15) for Lorenz ’96 state values (vertical
axis) over time (horizontal axis) with the ensemble size N = 10 and the observation noise o, = L0. Panel (a): Dimension 1, observed. Panel (b):
Dimension 2, not observed. The first row is our method MNMEF, pretrained on N = 10, and the second row is the benchmark LETKF. The 95 %
confidence intervals shown in figures are calculated as the ensemble mean + 1.96 x the ensemble standard deviation. In summary, MNMEF per-
forms significantly better on the unobserved dimension and comparably to LETKF on the observed dimension; meanwhile, MNMEF maintains an
appropriate spread without suffering from filter degeneracy.

truth. However, for the unobserved dimension, MNMEF demonstrates a clear advantage in state estimation. Furthermore, MNMEF
maintains an appropriate ensemble spread while avoiding filter degeneracy.

5.3. Kuramoto-Sivashinsky

The Kuramoto-Sivashinsky (KS) equation [61,62] is a widely studied nonlinear partial differential equation that describes the
evolution of instabilities in spatially extended systems, capturing complex spatiotemporal chaotic dynamics arising in flame fronts,
thin fluid films, and reaction-diffusion systems. Due to its chaotic behavior and sensitivity to initial conditions, the KS equation serves
as a valuable testbed for developing and evaluating data assimilation algorithms. With the periodicity in space imposed to identity
x = L and x = 0, the one-dimensional KS equation for u : [0, L] Xx Rt — R takes the form

ou 0*u  0*u ou
—+—+—+u—=0, ,0) € (0,L) xR, 5.6a
at  ox*  ox2? "ax xne®D) ( )

u(x,0) =uy, Vxel[0,L]. (5.6b)
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Table 2
Kuramoto-Sivashinsky (KS) system settings.
Category Values
Parameters L=32rn
States x; =jL/128, j=0,1,...,127
v =(ulxg),u(x)), ... . ulx;)) ERY,  d =128
Observations h(v) = (u(xq), u(xg), ..., u(x15)) € Réws, dy =16
Time Step Observation time step: Az = 1; 4 ETDRK4 integration steps: At/4 = 0.25
1.6 NaN
NaN
1.2
. 1.2
Relative
RMSE
e —
04 5101520 40 60 100 5101520 40 60 100
60% 50%
50%
40%
. 40%
Relative 30%
0,
Improvement 30% 20%
20% ° —s
10% 10%
0, 0,
0% 5101520 40 60 100 0% 5101520 40 60 100
Kuramoto- Ensemble Size Ensemble Size
Sivashinsky oy, =07 oy =10
—— Pretrain® —— Tuned” EnKF ESRF  —— LETKF  —— IENnKF

Fig. 4. Comparison results on the Kuramoto-Sivashinsky (KS) system. The upper row of plots shows direct R-RMSE comparisons between different
methods, while the lower row illustrates the relative improvement of our fine-tuning method compared to benchmarks. These comparisons are
presented for observation noise levels ¢, = 0.7 (left column) and &, = 1.0 (right column). Our proposed MNMEF method is highlighted in the legends
with bold font and an asterisk (e.g. Pretrain*). In summary, our fine-tuned MNMEF model consistently outperforms benchmarks, showing substantial
improvements for small ensembles and around 20 % advantage over LETKF at larger sizes (eg. 60, 100).

The detailed experimental settings and parameters for the KS system are summarized in Table 2. Numerically, the KS Eq. (5.6) is
discretized spatially using a Fourier pseudo-spectral method to handle periodic boundary conditions effectively. Time integration is
performed with the exponential time-differencing fourth-order Runge-Kutta (ETDRK4) scheme [63], which advances the stiff linear
operator analytically and is therefore not subject to the explicit linear Courant-Friedrichs-Lewy (CFL) restriction (At < CAx*) that
would apply to fully explicit RK methods; the time step is chosen based on accuracy and nonlinear resolution rather than linear
stability.

In Fig. 4, we compare the performance of our pretrained model and fine-tuned model against four benchmark methods: EnKF,
ESRF, LETKF, and IEnKEF, for the KS system with o, =07 and 1.0, and provide the relative improvement of our fine-tuned method as
compared to EnKF, [EnKF, and LETKEF.

The comparison between our pretrained MNMEF and fine-tuned MNMEF methods and the benchmark methods, for the KS dynam-
ical system, slightly differs from what we observed under the Lorenz ’96 dynamics. In the KS setting, fine-tuning provides minimal
additional benefit, with both our pretrained and fine-tuned MNMEF models performing nearly identically. Both variants significantly
outperform benchmark methods across all ensemble sizes. The advantage is particularly pronounced at smaller ensemble sizes. Even
at the largest ensemble size (N = 100), both our pretrained and fine-tuned methods still maintain approximately 20 % improvement
over LETKF, the benchmark method with the best performance.

Similarly to the Lorenz *96 discussion in Section 5.2, we provide visualizations in Figs. 2 and 3 for N = 10 and o), = 1.0 to further
illustrate the performance differences between our MNMEF and the best-performance benchmark LETKF on the KS system. The
visualization is on the last 100 time steps (from 1901 to 2000) of a test trajectory with length 2000 and Az = 1. In both figures, our
MNMEEF is the one pretrained with the ensemble size N = 10.

Fig. 5 presents a comparison of the estimated state trajectory. Fig. 6 visualizes the estimation of two specific dimensions: one
observed (Dimension 1, panel (a)) and one unobserved (Dimension 2, panel (b)). In summary, our MNMEF performs slightly better
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Fig. 5. Visualization of one test trajectory (time steps 1901-2000, Ar = 1) for Kuramoto-Sivashinshy (KS) states (vertical axis) over time (horizontal
axis) with the observation noise o, =10. Panel (a): Ground-truth states (unknown). Panel (b): Observations (known, every 8th dimension observed).
Rows 2-3 show our method MNMEF pretrained on N = 10, and the benchmark LETKF with the ensemble size N = 10. Panel (c): state estimation
(ensemble mean), Panel (d): absolute error with ground truth, and Panel (e): ensemble spread (standard deviation).
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Fig. 6. Visualization of two dimensions (index 1 and 2) in one test trajectory (time steps 1901-2000, A7 = 1) for Kuramoto-Sivashinshy (KS) state
values (vertical axis) over time (horizontal axis) with the ensemble size N = 10 and the observation noise s, =1.0. Panel (a): Dimension 1, observed.
Panel (b): Dimension 2, not observed. The first row is our method MNMEF, pretrained on N = 10, and the second row is the benchmark LETKF. The
95 % confidence intervals shown in figures are calculated as the ensemble mean + 1.96 x the ensemble standard deviation. In summary, MNMEF
performs slightly better on both the observed and the unobserved dimensions; meanwhile, MNMEF maintains an appropriate spread without suffering
from filter degeneracy.

than LETKF on both the observed and the unobserved dimensions, which is verified by the R-RMSE quantitative comparison in Fig. 4.
MNMEF maintains an appropriate ensemble spread, similarly to the LETKF.

Remark 20 (Implementation of Localization). It is worth noting that methods other than LETKF could potentially accommodate
localization techniques. For example, LETKF is essentially the ESRF combined with localization. However, since our implementation
is based on the DAPPER package, which only implements localization for LETKF, we do not consider localization for the other four
methods. Our results on Lorenz '96 and KS problems sufficiently demonstrate the advantages of our approach over other methods,
even without localization. For larger ensemble sizes (e.g., N = 60, 100), where the benefits of localization diminish, our method still
significantly outperforms the alternatives, like IEnKF.

5.4. Lorenz ’63

The Lorenz ’63 system is a simplified mathematical model for atmospheric convection [64], proposed prior to the Lorenz ’96 model
discussed in Section 5.2. It represents a highly simplified version of atmospheric dynamics with only three dimensions, described by
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Table 3
Lorenz ’63 system settings.
Category Values
Parameters c=10, p=28, f= %
States v=(x,y,2)€ERY, d=3
Observations h(v)=x €R%, d, =1
Time Step Observation time step: Ar = 0.15; 5 RK4 integration steps: Az/5 = 0.03

the following set of ordinary differential equations:

dx
7 o=, (5.72)
dy
A —7)— .7b
o x(p—2)—y, (5.7b)
z(i; =xy—pz. (5.7¢)

The parameter settings for the Lorenz ’63 system are shown in Table 3. The three parameters o, p, and f represent the Prandtl
number, Rayleigh number, and geometric factor, respectively, chosen by Lorenz based on simplified thermal convection experiments
to produce chaotic dynamics characterized by sensitivity to initial conditions.

In Fig. 7, we compare the R-RMSE (5.3) performance of our pretrained MNMEF and fine-tuned MNMEF models against benchmark
methods EnKF, ESRF, and IEnKF for the Lorenz ’63 system. The upper row of plots in Fig. 7 displays these R-RMSE comparisons for
observation noise levels o, =07 (left plot) and o,=10 (right plot). The LETKF method is not included in this comparison since the
system has only three dimensions, making localization unnecessary. For a fair comparison, we turn off the localization part in our
architecture by setting all entries in the localization weight matrices to be 1. We only fine-tune the parameters 6,,;, for Feain (4.28)
and 0, for F™ (4.30) for ensemble sizes N # 10. The lower row of plots in Fig. 7 shows the relative improvement &, (5.4) of our
fine-tuned MNMEF method as compared to EnKF and IEnKF, for the respective noise levels shown.

We observe that the performance of different methods does not significantly change with increasing ensemble size. Our method
consistently outperforms the EnKF and ESRF, but in the low-dimensional Lorenz ’63 problem, it is outperformed by the IEnKF. As
noted in Remark 21, IEnKF demonstrates strong performance in low-dimensional, highly nonlinear problems while struggling in high-
dimensional systems without localization. This is consistent with our findings in the higher-dimensional experiments in Sections 5.2
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N 1
. - 0.04 k : : 5
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30%
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. o
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Improvement 0%
—-10% 0%
-20% -10%
—-20%
5101520 40 60 100 5101520 40 60 100
Lorenz *63 Ensemble Size Ensemble Size
o, =07 o,=10
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Fig.7. Comparison results on the Lorenz ’63 system. The upper row of plots shows direct R-RMSE comparisons between different methods, while the
lower row illustrates the relative improvement of our fine-tuning method compared to benchmarks. These comparisons are presented for observation
noise levels o, =07 (left column) and o, =10 (right column). Our proposed MNMEF method is highlighted in the legends with bold font and an
asterisk (e.g. Pretrain*).
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Fig. 8. Run time (s/analysis step), 5,=0.7 only. All methods are timed on CPU (Intel(R) Core(TM) i9-14900KF). MNMEEF is comparable in speed to
EnKF and ESRF, and is slightly slower than EnKF because MNMEF additionally computes the correction terms. MNMEF remains much faster than
LETKF and IEnKF. For MNMEF, we additionally report GPU timing on a single GPU (RTX 4080 Super), shown as the blue curve. The GPU version
shows very stable runtime across these ensemble sizes due to efficient parallelization. (For interpretation of the references to colour in this figure
legend, the reader is referred to the web version of this article.)

and 5.3, where our method substantially outperforms IEnKF. Furthermore, the stability analysis in Section 5.6 demonstrates that our
method exhibits higher stability (lower standard deviation across test trajectories) than IEnKF.

Remark 21 (IEnKF Dimensionality Challenges). The IEnKF [16] uses the same observational information as the standard EnKF, but
reformulates the filtering problem as a lag-1 smoothing problem, and solves it iteratively to better handle nonlinearities. While the
IEnKF demonstrates excellent performance in low-dimensional systems (e.g., the Lorenz ’63 model, d = 3), its effectiveness diminishes
as dimensionality increases (e.g., the Lorenz ’96 model, d = 40). This deterioration occurs due to lack of localization in the implemen-
tation of the IEnKF we use; however, even with large ensembles with less need for localization, our method outperforms the IEnKF
in the higher-dimensional systems. Moreover, IEnKF generally provides a substantial improvement over non-iterative methods only
when the observations are sufficiently dense, as shown in [16] using experiments with the Lorenz '96 model.

5.5. Computational cost

In this subsection, we compare the run time per assimilation step (s/step) of MNMEF against benchmark methods (EnKF, ESRF,
LETKF, and IEnKF) under matched CPU-only settings to ensure a fair comparison.

For an ensemble of size N, the per-step cost of MNMEF scales as ()(N?2). The dominant terms are (i) the attention blocks in the
set transformer, which entail pairwise interactions among N members, and (ii) the computation of the learned Kalman gain K, and
its gradients, implemented via batched linear solves with N x N systems. We do not form matrix inverses explicitly. While classical
baselines admit textbook complexities, their practical scaling depends on solver details, localization, and parallelization, so a full
theoretical comparison is beyond the scope of this paper.

To reflect practical efficiency, we conduct a CPU-only head-to-head timing in a single Python environment. All CPU timings are
run on Intel(R) Core(TM) i9-14900KF. We follow implementations in DAPPER [58] and provide our own CPU-based implementations
of EnKF, ESRF, LETKF, and IEnKF. We deliberately avoid GPU ports for these baselines because methods such as LETKF and IEnKF
do not map cleanly to efficient, large-batch vectorization on current accelerators.

We evaluate on Lorenz '96 and KS with the same configurations as in Sections 5.2 and 5.3. For each ensemble size N and
observation noise level o, = 0.7, we report the mean of the per-step run time (s/analysis step), averaged over trajectories and time
steps. We do not distinguish the pretrained and fine-tuned variants of our MNMEF since they share the same architecture. The set-
transformer parameter counts follow Table 5. Results are visualized in Fig. 8. MNMEF is comparable in speed to EnKF and ESRF, and
is slightly slower than EnKF because MNMEF additionally computes the correction terms. MNMEF remains much faster than LETKF
and IEnKF.

For MNMEF, we provide an additional GPU-based run time in Fig. 8, since its original implementation is designed for GPU.
MNMEF’s additional GPU timings are obtained on a single NVIDIA RTX 4080 Super. The GPU version of MNMEF shows very stable
runtime across these ensemble sizes due to efficient parallelization.

5.6. Robustness to inherent randomness

Due to the inherent randomness in both the filtering problem and the algorithm, the same method may exhibit varying performance
across different test trajectories. To mitigate this randomness and obtain a more reliable assessment of each method’s effectiveness, we
evaluate their performance on M, trajectories and report the mean R-RMSE £ (5.3). While the mean R-RMSE provides a measure of
overall accuracy, we are interested in the stability of each method across different trajectories. To quantify this stability, we compute
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Table 4

Standard deviation (std) of the relative root mean square error (R-RMSE) as defined in (5.8). We consider both
Pretrain* and Tuned* variants of our MNMEF method. The std shown in the table is an averaged std over ensemble
sizes N = 5, 10, 15, 20, 40, 60, 100. A smaller std indicates better stability of the method. The lowest std in each column
is highlighted in bold. The stds for both the pretrained and fine-tuned variants of our MNMEF method are similar
and consistently lower than those of the benchmark methods, indicating greater robustness of our approach to the
inherent randomness across different test trajectories.

Method Lorenz ’96 (5.5) KS (5.6) Lorenz ’63 (5.7)

o, = 1.0 o, = 0.7 o, = 1.0 o, = 0.7 o, = 1.0 o, = 0.7
Pretrain* 1.03e-2 1.26e-2 8.60e-3 1.07e-2 1.78e-3 1.40e-3
Tuned* 1.08e-2 1.12e-2 8.91e-3 1.07e-2 1.79e-3 1.29¢-3
EnKF [8] 2.16e-2 3.10e-2 2.66e-2 3.15e-2 3.41e-3 2.32e-3
ESRF [11] 3.09e-2 1.95e-2 2.5%e-2 3.27e-2 2.78e-3 2.01e-3
LETKF [15] 2.63e-2 6.13e-2 2.66e-2 3.58e-2 - -
IEnKF [16] 1.83e-2 2.61e-2 2.23e-2 3.03e-2 2.15e-3 1.44e-3

the standard deviation (std) of the R-RMSE values across all test trajectories {V, }:L‘el“ and their corresponding estimated trajectories
{V, }M‘“‘ defined as:

m=1 "

1 M

M, test

op = (S(Vm, V- é)z (5.8)

m=1
A smaller o, indicates better stability of the method. Therefore, in this section, we consider methods with lower std values to be more
stable and thus preferable.

Remark 22. In ensemble-based data assimilation, variance- or standard-deviation-type quantities are commonly used to characterize
ensemble spread [6]. In our work, the spread is visualized in Figs. 3 and 6 via the shaded bands: the 95 % confidence interval is
provided as the ensemble mean +1.96x ensemble standard deviation. Our focus here is state estimation rather than full uncertainty
calibration, so we do not present a quantitative comparison of spread metrics. Note that the stability measure o, in (5.8) serves a
different purpose: it assesses the consistency of estimation errors across test trajectories, not the dispersion of ensemble members.

In Table 4, we show the std of different methods on the dataset Lorenz 96, KS and Lorenz ’63 with the observation noise o, =
1.0, 0.7. The std values in the table is the averaged std over the ensemble sizes N = 5, 10, 15,20, 40, 60, 100. Based on Table 4, we
observe that our pretrained MNMEF and fine-tuned MNMEF demonstrate comparable standard deviation values, both of which are
significantly lower than all benchmark methods. This indicates that our approaches maintain more consistent performance across
different test trajectories. The enhanced stability suggests that our methods are more reliable in practical applications.

5.7. Inflation and localization

In this section, we will conduct further experiments on learning the inflation (Section 4.2.2) and localization (Section 4.2.3)
components in the architecture of our MNMEF method. These experiments demonstrate that what our method learns has many
similarities with what is used in the application of inflation and localization techniques to the benchmark methods.

5.7.1. Inflation experiments

In Section 4.2.2, we introduce our learning-based inflation scheme (4.31) which depends on the learned output 12‘(9”) from the neural
network Fi"fl (4.30).

We are particularly interested in quantifying the effect of our proposed inflation scheme on the overall performance of our method.
Additionally, despite not providing the inflation term 12(9") with information about the true observation y! or observation noise I'" in

Finfl, ﬁé") has significantly more degrees of freedom than classical inflation approaches. This raises concerns that ﬁ(g") might exceed the
scope of inflation: that it might not act merely as a correction term but might completely overwhelm the updates, thus rendering other
parts of our architecture ineffective. We show that this is not the case, but at the same time we showcase the benefits of including
this learned inflation-like correction.

For our experimental approach, we first pretrain the models and then fine-tune them separately for various ensemble sizes. During
inference, we deliberately disable the learned inflation by setting ﬁé") =0 and analyze the resulting change in the average R-RMSE
& (5.3). We stress that this manipulation does not represent an optimal or even well-trained MNMEF filter without inflation; instead,
it intentionally removes the correction term to create a more challenging robustness test-probing whether the filter remains stable
and avoids divergence in the absence of inflation. These experiments are conducted on the KS dynamical system (5.6) only.

Our results are presented in Fig. 9. We compare the mean R-RMSE £ between our standard architecture with the trained inflation
(blue curve) and the no inflation version by setting 12;") = 0 (red curve) for observation noise 6,=07 and 1.0. The results in Fig. 9
clearly demonstrate the beneficial impact of our trained inflation approach. In addition, our method remains functional, with increased

R-RMSE values, when we remove inflation by setting ﬁ(g") =0 (equivalent to a = 1 in the EnKF). This confirms that our experiment,
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Fig. 9. Comparison of the trained inflation versus the no inflation scenario when applied to the KS system (5.6), using our MNMEF method, fine-
tuned for different ensemble sizes. The plots compare R-RMSE with and without inflation at observation noise levels o, = 0.7 (left plot) and o, = 1.0
(right plot). In summary, our trained inflation effectively improves the performance, but even without inflation, our MNMEF does not completely
fail.
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Fig. 10. Comparison of our learned distance-to-weight function g, (red, mean + 1 std across different time steps due to its adaptivity) with the
LETKF Gaspari-Cohn (GC) function (blue) on the Lorenz ‘96 model for ¢, = 1.0, 0.7 and ensemble sizes N = 5,10, 15,20, 40,60, 100. The learned
distance-to-weight function is from our MNMEF pretrained on N = 10 and fine-tuned for different ensemble sizes. The LETKF GC radius parameters
are optimally selected via grid search. Remarkably, even without any explicit constraints on the shape of g,, the learned weights naturally decrease
as the distance increases, similar to the empirical GC function in LETKF. (For interpretation of the references to colour in this figure legend, the
reader is referred to the web version of this article.)

while intentionally suboptimal, demonstrates that the proposed MNMEF remains numerically stable and does not diverge even in
this deliberately more difficult configuration. This addresses our concern, because, if inflation were dominating the architecture by
masking the contribution of the state v, removing it would cause model collapse.

5.7.2. Localization experiments

According to Section 4.2.3, our learning-based localization approach essentially learns a parameterized function g,, which maps
distance to weight values. During training, we only enforce the constraint that the output of this function must lie within the interval
[0,2], i.e., gy : R — [0,2]. Unlike traditional localization functions used in EnKF such as the Gaspari-Cohn function, our approach
does not impose any explicit constraints on the shape or monotonicity of g,.

In this subsection, we present experimental comparisons between our learned function g, and the Gaspari-Cohn (GC) function
with the optimal localization radius, found by grid-search, for LETKF; see Fig. 10. For ensemble sizes N = 5, 10, 15, 20, 40, 60, 100, the
optimal GC radius values chosen are 1, 1,2, 3,4,4, 6 (multiplied by 1/10/3 when implemented [58]), respectively. The learned function
gy (shown as red curves with the mean and standard deviation of the learned g, across assimilation time steps) demonstrates a similar
shape to the GC function with optimally chosen radius (blue curves). Notably, our approach dynamically adjusts the localization
weights at each assimilation step based on ensemble size and distribution, while the GC function remains static throughout the
assimilation process.

The results in Fig. 10 demostrates the effectiveness of our learned localization. Despite imposing no explicit constraints on shape
or monotonicity, the learned function g, naturally exhibits similar behavior to the GC function: it decreases monotonically with
distance and shares a similar shape. A key difference is that our function occasionally exceeds values of 1 at short distances, reflecting
a combined localization and inflation effect where covariance between closely spaced dimensions is amplified, since we are learning
the inflation and localization simultaneously. This adaptivity allows g, to dynamically adjust to the ensemble distribution, leading
to improved performance over the fixed GC function, as supported by RMSE results in Sections 5.2 and 5.3.

Remark 23 (Using GC localization directly). Experimental results suggest that one can use the GC function to avoid training the
localization. However, this approach still requires selecting the radius hyperparameter and typically yields inferior performance
compared to our learned localization.
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Table 5

Comparison of total parameters, fine-tuning parameters, and epochs for various datasets.
Dataset Total Params FT Params Pretrain Epochs FT Epochs
Lorenz 96 341,551 63,343 1000 20
KS 374,289 90,065 1000 20
Lorenz ’63 309,383 34,119 1000 20

Table 6

Comparison of pretraining and fine-tuning computational time for observation noise ¢, = 1.0 with different ensemble sizes
on a single RTX 4080 Super GPU. The ratio is between the computation time of the fine-tuning stage and the time of the
pretraining stage. The fine-tuning time increases with the ensemble size, but it remains significantly faster compared to
the pretraining stage.

Ens Size N=10 N'=20 N’ =40 N’ =100

Dataset Pretrain (hrs) FT (hrs) Ratio FT (hrs) Ratio FT (hrs) Ratio
Lorenz 96 4.03 0.051 1.27% 0.065 1.61% 0.133 3.30%
KS 8.22 0.106 1.29% 0.132 1.61% 0.260 3.16%
Lorenz ’63 1.82 0.022 1.21% 0.038 2.09% 0.086 4.73%

5.8. Fine-tuning for different ensemble size

According to Section 4.4, our proposed fine-tuning strategy freezes parameters 6y of the set transformer FST (4.25), while updating
parameters Oy, 0;np) and 6y, of the MLPs that control the gain (4.28), inflation (4.30), and localization (4.36). Here we conduct
experiments to illustrate the efficiency and effectiveness of our proposed fine-tuning approach.

Firstly, we consider the time complexity between the pretraining stage and fine-tuning stage. Let P,

retrain a0d Py denote the total
number of pretraining and fine-tuning parameters respectively, i.e.

Pprelrain = |95T| + |0gain| + |9inf1| + |Hloc|’ (5.92)
Py = |9gain| + |0inf1| + |610c|' (5.9b)

For fixed dynamic and training trajectories, the time complexity for pretraining with the ensemble size N is O(EN P;) while the
fine-tuning with the ensemble size N’ has the time complexity O(E'N’ Pf,), where E and E’ are the epochs for pretraining and
fine-tuning, respectively.

We provide a detailed comparison in Table 5, presenting the total number of pretraining parameters P;qin, fine-tuning parameters
Py, and the number of epochs E used during the pretraining and fine-tuning phases. When the ensemble size during pretraining (V)
is close to the ensemble size used in fine-tuning (N), Table 5 shows that the fine-tuning stage requires less than 1 % of the pretraining
computational time. To quantitatively support this observation, we present detailed computational time comparisons in Table 6. All
training times reported here are obtained using a single RTX 4080 Super GPU. The training batch sizes are adaptively chosen to fully
use the 16 GB memory.
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Fig. 11. Comparison of R-RMSE across training epochs on the Lorenz *96 model for two fine-tuning strategies under two ensemble sizes, (a) 20 and
(b) 40. The vertical dashed red line indicates the stopping epoch of our proposed fine-tuning approach. Results demonstrate that our fine-tuning on
a small subset of parameters achieves comparable RMSE performance to fine-tuning all parameters. (For interpretation of the references to colour
in this figure legend, the reader is referred to the web version of this article.)
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Combining the information from Tables 5 and 6, we observe that our fine-tuning strategy demonstrates remarkable efficiency
compared to the pretraining stage. As detailed in Sections 5.4-5.3, this highly efficient fine-tuning significantly improves the model’s
performance, particularly when the ensemble sizes for inference and pretraining differ substantially.

To further validate the effectiveness of our proposed fine-tuning approach, we perform additional experiments comparing our
method (Section 4.4) against alternative fine-tuning strategies. Specifically, we investigate and quantitatively compare the RMSE
performance of the following fine-tuning scenarios: (1) fine-tuning all model parameters and (2) fine-tuning for a longer period (i.e.,
more epochs).

Fig. 11 shows RMSE results from fine-tuning experiments on the Lorenz ’96 model with ensemble sizes N’ = 20,40, using a model
pretrained with ensemble size N = 10. We compare our proposed method from Section 4.4 against fine-tuning all parameters, both
running up to 50 epochs. The results demonstrate that both approaches achieve nearly identical RMSE performance, with minimal
improvement observed after 20 epochs. Combined with our efficiency analysis in Tables 5 and 6, these findings confirm that fine-
tuning all parameters is unnecessary, and that 20 epochs is sufficient for the near optimal performance.

6. Conclusions

In this paper, we propose a novel machine learning-based approach, MNMEF, for state estimation in data assimilation. Our method
features a scheme which subsumes the ensemble Kalman filter (EnKF), as a special case, ensuring optimality for linear, Gaussian
problems, while extending beyond Gaussian applications through our learnable correction terms. A key advantage of our method
is its ability to be trained at one ensemble size and then directly applied, possibly with a cheap fine-tuning of a small subset of
parameters, for different ensemble sizes. This property is a consequence of the mean-field interpretation of the set transformer, the
machine learning architecture underlying the methodology. Indeed, in this paper we introduce neural operators acting on the metric
space of probability measures, which we call measure neural mappings (MNM). We generalize transformers to this setting and show
how the set transformer itself may be viewed as a particle approximation of such a mean-field model.

Our method adopts a form similar to the Kalman filter in the mean-field perspective, with the core innovation being a parame-
terized gain matrix analogous to the Kalman gain (Section 2). Since this parameterized gain matrix depends on the current filtering
distribution, we employ the set transformer neural network architecture to process such measure inputs (Section 3). In practical ap-
plications, our method operates on an ensemble of particles (viewed as an empirical measure) and incorporates learnable mechanisms
analogous to inflation and localization techniques in EnKF-based methods, enhancing performance with smaller ensemble sizes (Sec-
tion 4). Our experiments across multiple challenging systems (Lorenz ’63, Lorenz 96, and Kuramoto-Sivashinsky) demonstrate that
our proposed method consistently outperforms classical approaches including the local ensemble transform Kalman filter (LETKF),
with relative improvements of 15-30 % for most scenarios (Section 5).

Despite the promising results, our method has limitations and several directions for future improvement. Our current approach is
limited by the loss function design, which primarily addresses state estimation rather than general filtering problems. Future work
will consider probabilistic loss functions that can be used to estimate the filtering distribution.

Additionally, we plan to extend our approach beyond EnKF to include other filtering schemes, such as the ensemble square root
filter (ESRF), which is a deterministic version of the EnKF, or variational methods such as iterative EnKF (iEnKF). The flexibility
of our approach stems from the proposed MNM-based learning architecture, which can optimize variables related to the empirical
distributions represented by ensembles.

We currently formulate the transformer as a neural operator accepting probability measures as inputs. In future work, we aim
to enhance both the architecture and training methodology to simultaneously handle measure and function valued inputs, enabling
amortized neural operators that generalize across different dynamics and observation models. Establishing universal approximation
results and statistical guarantees for this formulation will also be of interest to further strengthen the theoretical foundations of our
approach.

In conclusion, our work advances the field of data assimilation by introducing a novel machine learning approach, which is
efficient for deployment, requiring only one pretraining stage and lightweight fine-tuning. Beyond immediate applications in state
estimation, our theoretical contribution of extending attention mechanisms to operate as measure-to-measure transformations opens
new research directions across multiple disciplines.
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Appendix A. Overview of the architecture and our complete learning framework

In this appendix, we provide an overview of our complete learning framework. Our architecture (Section 4.2) is designed to handle
varying ensemble sizes efficiently while maintaining high performance through a combination of neural network-based corrections
and fine-tuning strategies. The training process follows the methodology described in Section 4.3, where the model parameters are
initially trained on a fixed ensemble size N. When our approach is applied to a different ensemble size N’ # N, we perform fine-tuning
using the procedure detailed in Section 4.4.

Recall that in both the initial training and the fine-tuning process, we always work under Data Assumption 1: we fix dynamic
operator W (time step Az implicitly embedded), observation operator 4, and noise covariance matrices X and I'. We generate multiple
trajectories of the state-observation system through independent realizations of the driving noise sequences.

The core of our framework (Algorithm 1) is to update the ensemble from {vj") } ”1": | to {vﬁ.’fl } ”,": ,- This is a basic component for both
the training and inference. Based on this, we can calculate the loss and do the initial training with the ensemble size N according to

Algorithm 1 One step evolution of the ensemble.
. (n)
0.061, 010 }; Current ensemble {vj" } ",": »
Ensure: Ensemble for the next time step {”;'21 ,1:’=1.
. . A(n) \N (M N
1: Get predicted states {uj+1 boot from {vj oot (4.38a).

Require: Parameters 6 = {0gr, 0guin, Oint1

2: Get predicted observations { fz(_”+>1 }N, from {ﬁi”jl N, (4.38b).
3: Process the ensemble into a feature vector according to (4.25):

Jo= FST@ L h@ DY 5 0st).-

4: Calculate the correction terms according to (4.28):

5D 50\ _ peain (500 post) G o
(g, 2,") = FE (0] h(@ ).y, 1 S Ogain)-

5: Calculate (Kél))jﬂ and (Kéz))ﬁl (2.23).
6: Process with the neural network for localization:
g1 = F(f,:0,) according to (4.36).

7: Calculate localization matrices (<();,, and (<®),,, (Subsection 4.2.3).
8: Calculate the Gain matrix (K,) I with localization (4.34).
9: Get { U;'_':l } 'i": , according to the analysis step:

(n)  _ 5 i ~(n)
Vi1 =000 +(Kg)j+1<yj+1 _yj+l>

10: Process with the neural network for inflation:

P = Fi"ﬂ(v;'fl,fv; 6,,p1) according to (4.30).

11: Update the estimation with the learned inflation term ﬁg” by

(n) (n) ~(n)

Uj+l <~ Uj+1 +M9 .

12: return Ensemble {v\" 1V .
Jj+1 - n=1
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Algorithm 2. When we need to proceed with a different ensemble size N’ # N, we follow Algorithm 3 to efficiently fine-tune part of
the parameters.

After completing the pretraining (Algorithm 2) on ensemble size N, the inference procedure depends on the desired inference
ensemble size N'. If N’ = N, then no additional fine-tuning is required. However, if N’ # N, for optimal performance, we recommend
employing Algorithm 3 to efficiently fine-tune the model before inference. Below, we describe the inference steps for the general case
where N’ # N after fine-tuning has been completed.

We first load the pre-trained parameter é)g ) that remain unchanged regardless of ensemble size, along with the fine-tuned parame-

! !
ters 0 ), N

gain * Vinfl ? according to

and 6’1(;\! " that were specifically optimized for ensemble size N’. We then initialize the ensemble {Uf)'1> }nN=' .
} ,"V:’ , using Algorithm 1. This process can be extended

()
f

j+1
to observation trajectories of arbitrary length. At each time step, we can approximate the true state ”j using the ensemble mean

- _ 1 N (n)
0= 5 L Uy -

Eq. (4.37). For each time step j, we evolve the ensemble from {vi.") } ,]l\':' L to{v

Algorithm 2 Pretraining.

Require: J, M € N; ensemble size N.

Ensure: Trained parameters 6(N) = {9;2”, o) gN) Ny

oain’ ~infl” ~loc

1: Training Data Generation: Generate ?\/I training trajectories with length J + 1 and corresponding observations according to
Subsection 4.3.

2: for each epoch, each minibatch indexed by Mz c [M] do
3: for m € My and the corresponding trajectory {v; }J{: , do

4: Initialize the ensemble {Ug')}nN= | (4.37).
5: for j=0,1,...,J — 1 do
6: Update from {u;.")}flv: | to {u;'jr)l }V | according to Algorithm 1.

7: end for
8: Calculate the loss ,, (4.40).

9: end for

10: Calculate the batch loss EMB (4.41).

11: Update 6 via gradient descent on L, .

12: end for

13: return Optimized parameters §V) = {0;’]\.’),0(’\” o) M)y

gain’ “infl” “loc

Algorithm 3 Fine-tuning.

Require: Ensemble size N’ # N; pretrained parameter Qg)

Ensure: Updated parameters 9;:;), Gfﬁl’ ), 9&’ " for new ensemble size N’
1: Use the same synthetic training data as Algorithm 2.
2: for each epoch, each minibatch indexed by M c [M] do

3: for m € My and the corresponding trajectory {v; } ,J-:| do

4: Initialize the ensemble {ug’)} nN=/ | with size N’(4.37).
5. for j=0,1,...,J — 1 do

6: Update from {u;")}fl\;' , to (" }f:’z/ according to Algorithm 1.

Jj+1 1
7: end for )
8: Calculate the loss [if,,N ) with ensemble size N’ (4.40).
9: end for

10: Calculate the batch loss EE\;V;) (4.41) with ensemble size N’

11: Update Gég\if‘;)ﬂgl’), 91(::) according to (4.44).
12: end for

U ! !
13: return Optimized parameters o) gD (N

gain * “infl > “loc

B. Description of multihead attention

In Section 4.1, we introduce the definition of attention. However, in practical applications, multihead attention is commonly
employed instead of the single-head variant. This appendix provides supplementary information on multihead attention, which is
used in the set transformer architecture (Section 4.1) rather than standard single-head attention.

Recall the definition of the set of sequence of a finite length, U'x(RY) = Uy U NT; R?). In Section 4.1, we defined attention
as a sequence-to-sequence operator A : U'p(R%) x Up(R%) — Up(R%) (4.3) with learnable parameters 6(A) = {Q, K, V'}. For two
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sequences u € U'([N]; Rdu) and w € V' ([M]; R%), we have
M exp((Quij). Kw(k)))Vw(k)
YL, exp((Qui, Kw(é)))

In multihead attention, we employ several parallel attention heads, each with its own set of learnable parameters. This approach
allows the model to jointly attend to information from different representation subspaces at different positions. Let us denote the
multihead attention operator as AR(e, »), where the superscript R indicates the number of attention heads. For each head r € [R], we
have a separate set of learnable parameters 9(A,) = {Q,, K,, V,}, where Q, € R%*% K, € R%*w, and V, € R *%w,

For each head r, we compute the attention output A, (u, w) according to (B.1). The multihead attention mechanism AR(u, w)
combines the outputs from R heads through concatenation followed by linear projection. For j € [N], we compute the output as

ARG, w)(j) = WO Ay, 0)()): Ag(at, 0)(): . s Ag(at, )] (B.2)

A, w)(j) = , Vje[N]. (B.1)

where [A](u, w)(j); Ay (u, w)(j); ... Ag(u, w)( j)] € RR is a vector vertically concatenated from the outputs from all attention heads,

and WO e R%*(Rdy) is an additional learnable parameter matrix that projects the concatenated outputs to the desired dimension.
The complete set of learnable parameters for the multihead attention mechanism is therefore:

0AR) = {Q,. K. V,}R  u(w?). (B.3)

In Section 3, we view attention as an operator on probability measures. This formulation naturally extends to multihead attention.
The multihead attention operator acts on probability measures similarly to standard attention, but utilizes R parallel attention heads.
In addition, we introduce two major properties of the set transformer architecture in Section 4.1, i.e. the permutation invariance
and the adaptation to variable input lengths. These two properties are preserved for the version using multihead attention, since
multihead attention with R heads effectively performs R standard attention operations in parallel and concatenates their results.

C. Implementation details

In this appendix, we provide additional implementation details to complement the methods presented in Section 4 and their
application in the numerical experiments of Section 5.

The complete source code for reproducing our method is publicly available.* Additionally, for the benchmark methods, we per-
formed extensive hyperparameter optimization using grid search, ® implemented with the DAPPER package [58].

C.1. Feature dimensions

We provide detailed information about the latent dimensions used in our learning-based approach. While this information can be
directly obtained from our code, we include this analysis to highlight two important properties of the set transformer architecture
employed in our method: (1) the output is invariant to permutations of the input sequence, and (2) the output dimension remains
consistent regardless of the length of the input sequence.

We introduce the general set transformer architecture in Section 4.1, where the encoder and decoder can include several self-
attention blocks (SAB) S5T(s) (4.18). In our experiments (Section 5), our actual architecture contains two SABs in both the encoder
and decoder. This simplified structure provides sufficient representational capacity while maintaining computational efficiency. Our
actual set tranformer architecture can be written as

FST(u) = FAN(9)oF @ (4)0S5T (+)0S5T (+)oCS (s, 9)0S85T (+)0S5T ()oF N (1), (C.1)

where FII‘IN and FIZ“N are multilayer perceptrons consisting of multiple feedforward layers and activation layers (3.8); S?TZ and S?:ﬂ are
SABs serving as the encoder and decoder respectively; FC2 is a layer that concatenate all elements in a sequence into a long feature
vector. Note that layers S37, S5T, CST, S?T and S§T contain attention mechanisms, which are implemented as multihead attention with
8 heads (B).

Table C.1 provides the specific layer-wise dimension design in our architecture. We adopt similar network structures for all three
experimental datasets: Lorenz 63 (L’63) (5.7), Lorenz 96 (L’96) (5.5), and Kuramoto-Sivashinsky (KS) (5.6). For all experiments,
we use a trainable seed s € U([16], R®*), which is a sequence of length 16 in R®. The first linear layer FYN maps input sequences of
varying dimensions to R%*, after which all subsequent layers maintain consistent dimensions across different dataset dynamics.

Table C.1 clearly illustrates the fact that the set transformer can process input sequences of arbitrary length and output fixed-
dimension feature vectors. Specifically, regardless of the input sequence length N, after processing through the PMA block C57(s, )
(4.15), the sequence length always aligns with the seed length. This critical dimensional reduction occurs because the cross-attention
mechanism in CS7(s, «) uses the fixed-length seed s as queries to attend to the input sequence. The output dimension is then determined
by the concluding FI;N layer. For detailed computational mechanisms, please refer to Sections 3 and 4.1.

The table also helps illustrate where the permutation invariance is established in the architecture. Before the PMA CST(s, ), the
latent features are permutation equivariant with respect to the input, meaning that if the input sequence elements are reordered,

4 https://github.com/wispcarey/DALearning.
5 https://github.com/wispcarey/DapperGridSearch.
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the corresponding features will be reordered in the same way. However, after the PMA block, the feature ordering becomes entirely
dependent on the seed sequence and completely independent of the input sequence ordering. This transformation from permutation
equivariance to permutation invariance is a crucial property (Proposition 2) of the set transformer, enabling them to process sets
rather than sequences.

C.2. An example of learning the localization weight matrix

Here we provide a concrete example of how to compute the parameterized localization weight matrices <) and < in the Lorenz
’96 system (Section 5.2) with state dimension d,, = 40 and observation dimension d, = 10. Specifically, the 40 state variables are
indexed by 1,2, ...,40 in a cyclic manner, and the observations are available at indices 4,8, 12, ...,40 (i.e., every 4th state variable).
We employ a periodic distance metric for all index pairs k,# € [d, ],

dperi(k, €) = min(|k — £],40 — |k — £1). (C.2)
Then we can consider all the unique distance values given by:

{Dyp = dperi(k, Ok, ¢ € [40]} = {0, 1, ..., 20}. (C.3)
Recall that o denotes the Hadamard pointwise matrix product. In the classic localization setting (4.33) for the EnKF approach,

K = VoL (CMhor M 4 1), (C.4)
we have

(L") p = 8(dperi(k,40), k=1,2,...,40, ¢=1,2,...,10,

hh (C.5)
(L )k,f =g(dperi(4ks4f))’ k=1,2,...,10, ¢=1,2,...,10.

In our learning framework introduced in Section 4.2.3, we learn a vector § € R?! according to (4.36) for the function values g,(D)
for D =0,1,2,...,20. Then in our proposed scheme (4.34),

-1
Ky = Kj'o < (Ko <@ 41) (C.6)
we can calculate the parameterized localization weight matrices by

(<) p = gglperi(k42)),  k=1,2,...,40, ¢=1,2,...,10,

2 (C.7)
(<P s = gg(peri (k. 40)),  k=1,2,...,10, £=1,2,...,10.

C.3. Initial conditions

Here we provide details of the initial conditions for the experiments in Section 5. To ensure our initial states lie on the attractor, we
first select a base value and then evolve the system’s dynamics forward for a substantial number of time steps. This serves as a “burn-
in” period. The initial conditions detailed below for each system are subsequently used to generate all trajectories for pretraining,
fine-tuning, and testing.

1. Lorenz *96 (Section 5.2): Sample x, ~ N(5, I,) and run the forward dynamic (5.5) for random 103 to 5 x 10° time steps with step
size At = 0.15 to get vg. Within each Af time interval, there are 5 RK4 numerical integration steps with the step size A¢/5 = 0.03.
The initial distribution is set to be N(ug, L.

2. Kuramoto-Sivashinsky (Section 5.3): Set the interval [0, L] as L = 32x. For uy(x) = cos(2x/L)(1 + sin(2x/L)), run the forward
dynamic (5.6) for random 10° to 5 x 10° time steps with step size At = 1.00 to get i. Within each At time interval, there are 4
RK4 numerical integration steps with the step size Ar/4 = 0.25. The initial state vg = (@(xq), ..., 0(x}7)) with x, =¢L/128, ¢ =
0,1,...,127. The initial distribution is set to be N(ug, 153)-

3. Lorenz ’63 (Section 5.4): Sample x, ~ N(0, I) and run the forward dynamic (5.7) for random 10° to 5 x 10> time steps with step
size At =0.15 to get ug. Within each At time interval, there are 5 RK4 numerical integration steps with the step size Az/5 = 0.03.
The initial distribution is set to be N(v{, I).

C.4. Hyperparameter setting for our training

We provide details of the training hyperparameters in experiments. The parameters listed in Table C.2 are utilized for pretraining
with an ensemble size of N = 10 in the experiments detailed in Section 5. When fine-tuning with a different ensemble size N’ # N
(Section 4.4), the number of training trajectories is halved compared to the quantity used for pretraining. Furthermore, the learning
rate for fine-tuning is set to 1/10 of the learning rate used during pretraining. We use the AdamW optimizer [65] for both the
pretraining and fine-tuning.

During the training process, we implement a clamping mechanism to ensure numerical stability and prevent issues such as explod-
ing estimated trajectories. If the absolute value of any dimension of an estimated particle exceeds the specified clamp value (provided
in the “Clamp” column of Table C.2), its sign is preserved, but its absolute value is replaced by the clamp threshold.
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Fig. C.1. Grid search results for the Local Ensemble Transform Kalman Filter (LETKF) [15] on the Kuramoto-Sivashinsky (KS) dynamical system
(5.6) varying ensemble sizes. Each subplot shows the RMSE performance across different combinations of inflation parameter « and localization
radius parameter r. Darker colors indicate lower relative RMSE (R-RMSE) values (5.3) (better performance).
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Table C.1

Feature dimensions at each layer of the set transformer architecture to process the ensemble
states for different dynamical systems, Lorenz 63 (L’63) (5.7), Lorenz 96 (L'96) (5.5), and
Kuramoto-Sivashinsky (KS) (5.6). We use (N, d) to denote a sequence in RY with length N (i.e. in
V([N],R?). The trainable seed is a sequence in R* with length 16. The input sequence dimension
is the sum of state dimension and the observation dimension.

Dataset Feature Dimensions after Each Layer

Input FAN 54 S5t CT(s,e) 85T S Feat FiN
1’63 (N,4) (N64)  (N64) (N64) (1664 (1664  (16,64) 1024 64
L'96 (N,50)
KS (N,144)
Table C.2

Training hyperparameters for pretraining with an ensemble size N=10. For fine-tuning
with N’ # N, the number of training trajectories is halved, and the learning rate is
reduced to 1/10 of the values listed. Obs At refers to the observation time step.

Dataset Train Traj Test Traj Obs Learning  Batch  Clamp
Num Length Num  Length  Ar Rate Size

Lorenz 96 8192 60 64 1500 0.15 1le3 512 20

KS 8192 60 64 2000 1.00 5e-4 256 10

Lorenz 63 8192 60 64 1500 0.15 1e-3 1024 60

C.5. Hyperparameter optimization via grid search

In our experiments (Section 5), we compare our pretrained and fine-tuned methods introduced in Section 4 with benchmarks, EnKF
[9], ESRF [11], LETKF [15], and iEnKF[16], detailed in Section 5.1. The benchmark methods we compared require hyperparameter
tuning for different ensemble sizes so that they are optimized at each ensemble size and hence indeed present a challenging benchmark
for our proposed methodology. We use the DAPPER package [58], which implements these benchmark methods, allowing us to focus
solely on conducting grid searches for the required hyperparameters across various ensemble sizes. This appendix presents examples
of our grid search results to provide insight into the comprehensive range of our hyperparameter optimization. Complete results can
be found in our GitHub repository.®

For each of the four benchmark methods mentioned above, we perform grid search on the inflation parameter a > 1. After the
analysis step, the state v™ is updated according to:

N
o™« o 4 (o — 1)<u<"> - % Z u<">>, n=1,2,...,N. (C.8)

=1

In addition to inflation, for LETKF specifically, we consider the localization radius parameter r, which is used in the Gaspari-Cohn
(GC) function [53] to map distances to localization weights.

For different methods, datasets, and ensemble sizes, we employ an adaptive approach to determine the grid search step sizes
and ranges. Our evaluation metric is the average relative RMSE (R-RMSE) (5.3) computed over 64 test trajectories. Lower values
of this metric indicate superior performance. Initially, we establish a consistent range and step size across all scenarios, then refine
these parameters based on preliminary performance results in each specific case. This adaptive refinement allows us to concentrate
computational resources on the most promising hyperparameter regions.

Fig. C.1 illustrates our grid search results for the Local Ensemble Transform Kalman Filter (LETKF) [15] method applied to the
Kuramoto-Sivashinsky (KS) dynamical system (5.6) across different ensemble sizes (N = 5, 10, 20,40, 60, 100). Each heat map displays
the R-RMSE performance for various combinations of inflation parameter a and localization radius r.

C.6. Additional experiments: Linear setting

Our MNMETF aims to learn correction terms based on the EnKF scheme; see the mean-field version (2.21)-(2.24) and their particle
counterparts (4.1), (4.27). The motivation behind MNMETF is that EnKF is not an exact scheme for nonlinear or non-Gaussian settings
from a mean-field perspective, so learnable corrections may close the modeling gap. When the forward dynamics and observation
models are linear,

Y(v) = Av, h(v) = Ho, (C.9

6 https://github.com/wispcarey/DapperGridSearch.
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Fig. C.2. Linear-Gaussian experiment. Test W, (ensemble Gaussian vs. Kalman Gaussian) versus training epoch under the four settings in (C.13),
evaluated on 64 held-out trajectories (length 500 each). Legend (from the lower panel): L2 = unnormalized loss (C.12); NL2 = normalized loss (C.11);
WD = weight decay 10~2; GT Baseline = finite-ensemble sampling baseline obtained by drawing ensembles directly from the Kalman Gaussian and
computing W, via (C.14). Explode marks the divergence for each curve (happening within 5 epochs of the mark). Consistent with the text, the NL2
(WD) configuration remains stable for 1000 epochs and approaches the baseline, whereas other variants are unstable.

with additive Gaussian noises as in (2.1)—(2.2), the Kalman filter is exact, and the EnKF recovers it in the mean-field/infinite-ensemble
limit. In this setting, the theoretically correct choice for the correction terms is

Wy =0, 25 =0, (C.10)

so that K, reduces to the classical Kalman gain (2.11b). Any nonzero learned corrections cannot improve optimality and therefore risk
modeling observation/forecast noise rather than signal. Because the linear—Gaussian case is already optimal, training MNMEF with
freely learnable (0, 2,) can overfit stochastic fluctuations: with sufficiently many epochs (and without explicit regularization/early
stopping), the network may drive the corrections to fit noise realizations. Although K;z) + ' remains invertible (by positive definiteness
of I), such noise-fitting can manifest as unstable updates and lead to filter divergence. We provide a minimal working example in
our repository.”

To make the discussion concrete, we run a controlled linear-Gaussian experiment. The state dimension is d, = 10 with a matrix
A € RI0%10 whose eigenvalues satisfy |4;(A)| = 1 for all i; this yields marginally stable linear dynamics. The observation dimension is
d,=5with H € R3¥10 that observes every other coordinate. The process noise covariance is & = 621 with o, = 0.01, the observation
noise covariance is I' = 62T with ¢, = 1, and the initial condition is v, ~ N(0, I).

y
For training, the default loss of our MNMETF is the normalized loss used in the main text (4.40) and repeated here for completeness,

J 5 T2
L& 19,0 = oI
L@ =5 D ——— (C.11)
=R
which enforces scale invariance across trajectories. We also consider the unnormalized alternative
1 < 2
~ 1 ot
£,00)= ;”uj(e) ol (C.12)

7 https://github.com/wispcarey/DALearning./
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and, orthogonally, we optionally add weight decay with coefficient 1072, which is exactly equivalent to adding an #, penalty to the
training objective. Combining these choices yields four settings:

L£,(6)+1072|6]|Z (NL2 (WD): normalized loss + weight decay)

L,,(0) (NL2: normalized loss, no weight decay)

Lirain(0) =4 ~ 5 s . . (C.13)
L£,©)+1077]j0]l; (L2 (WD): unnormalized loss + weight decay)
Em(f)) (L2: unnormalized loss, no weight decay).

We train with learning rate 10~3 for 1000 epochs on 8192 trajectories, each of length 60. Because the model is linear-Gaussian, the
exact filtering distribution at every time step is Gaussian and can be computed by the Kalman filter, providing ground-truth means
and covariances against which to evaluate.

As the metric, we compare at each step the ensemble-based Gaussian approximation (empirical mean and covariance of the
ensemble) with the Kalman ground-truth Gaussian via the 2-Wasserstein distance. For N'(m;,C;) and N (m,,C,), the closed-form
expression is

W2(N(my, Cp), N(my, ) = llmy — myl? + Tr(CI +C, —2(cl?

Vi)', (C.14)

2

We report the test W, on 64 held-out trajectories (each of length 500 and disjoint from the training set), averaged over time and
across trajectories, as a function of training epoch.

A finite-ensemble effect sets an irreducible baseline: even if an ensemble is drawn exactly from the true Kalman Gaussian at each
step, the empirical mean and covariance estimated from a finite ensemble will not match the truth perfectly, hence the W, discrepancy
cannot be zero. We therefore include a finite-ensemble sampling baseline by i.i.d. sampling from the Kalman Gaussian with the same
ensemble size and computing (C.14); this quantifies the best attainable error due purely to sampling.

The results are summarized in Fig. C.2. Training with the normalized loss (C.11) without weight decay eventually exhibits explod-
ing W,, consistent with the correction pathway overfitting observation/process noise when no true signal remains to learn. Adding
weight decay (normalized + WD) stabilizes training throughout 1000 epochs and closely tracks the finite-ensemble baseline. In con-
trast, the unnormalized loss (C.12) leads to instability regardless of weight decay: both unnormalized variants eventually diverge. This
confirms that, in the strictly linear-Gaussian regime where the Kalman filter is optimal and the correct corrections are (i, 24) = (0,0),
normalization and explicit £, regularization are critical to avoid learning spurious noise-driven updates.

By contrast, on nonlinear systems (Lorenz 96, Kuramoto-Sivashinsky, and Lorenz ’63), where the Gaussian ansatz underlying
EnKF is only approximate, the correction terms provide genuine modeling capacity. In those settings, even with very long training we
did not observe noise overfitting or filter divergence; the learned corrections consistently improved or matched EnKF performance
across our runs. In summary, in linear-Gaussian settings practitioners should disable the correction pathway or regularize it to recover
the Kalman solution, whereas in nonlinear settings allowing trainable corrections is beneficial and did not cause instability in our
experiments.
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